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OUR LADY OF AFRICA S.S NAMILYANGO (OLAN) 

A LEVEL PURE MATHEMATICS SEMINAR SOLUTIONS 2024 

NO ALGEBRA 
1(a)(i) 𝑈𝑛 = 𝑆𝑛 − 𝑆𝑛−1 

𝑈𝑛 = 17𝑛 − 3𝑛2 − [17(𝑛 − 1) − 3(𝑛 − 1)2] 
= 17𝑛 − 3𝑛2 − [17𝑛 − 17 − 3(𝑛2 − 2𝑛 + 1)] 
= 17𝑛 − 3𝑛2 − [17𝑛 − 17 − 3𝑛2 + 6𝑛 − 3] 
= 17𝑛 − 3𝑛2 − 17𝑛 + 17 + 3𝑛2 − 6𝑛 + 3 

= 20 − 6𝑛 
(ii) 𝑈1 = 20 − 6(1) = 14 

𝑈2 = 20 − 6(2) = 8 
𝑑1 = 𝑈1 − 𝑈2 = 14 − 8 = 6 

𝑈3 = 20 − 6(3) = 2 
𝑑2 = 𝑈2 − 𝑈3 = 8 − 2 = 6 

𝑈4 = 20 − 6(4) = −4 
𝑑3 = 𝑈3 − 𝑈4 = 2 − (−4) = 6 

𝑆𝑖𝑛𝑐𝑒 𝑑1 = 𝑑2 = 𝑑3 = 6, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑎𝑛 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑜𝑛. 
(b)  𝐴 = 𝐴1 + 𝐴2 + 𝐴3 + ⋯+ 𝐴𝑛 

𝐴 = 1,200,000[1.08 + 1.082 + ⋯+ 1.08𝑛] 
𝑎 = 1.08 

𝑟 =
1.082

1.08
= 1.08 

𝐴 =
1,200,000 × 1.08(1.08𝑛 − 1)

1.08 − 1
 

1,200,000 × 1.08(1.08𝑛 − 1)

1.08 − 1
> 2,000,000 

1.08𝑛 >
172

81
 

𝑛 >
log

172
81

log 1.08
> 9.7848 

∴ 𝑛 = 10 𝑦𝑒𝑎𝑟𝑠 
(c)(i) 𝑙𝑒𝑡 𝑎 = 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚, 𝑙 = 𝑙𝑎𝑠𝑡 𝑡𝑒𝑟𝑚 

𝑎 = 2, 𝑙 = 1000, 𝑠𝑛 = 50,100 

𝑠𝑛 =
𝑛

2
(𝑎 + 𝑙) 

50,100 =
𝑛

2
(2 + 1000) 

100,200 = 𝑛(1002) 
𝑛 = 100 

(ii) 𝑎 = 2, 𝑙 = 1000, 𝑛 = 100 

D
o
w
n
l
o
a
d
e
d
 
f
r
o
m
 
w
w
w
.
m
u
t
o
o
n
l
i
n
e
.
c
o
m
,
 
M
o
r
e
 
P
A
S
T
P
A
P
E
R
S
 
a
r
e
 
a
v
a
i
l
a
b
l
e
 



COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565                             Page 2 of 48 
 

𝑎 + (𝑛 − 1)𝑑 = 𝑙 
2 + 99𝑑 = 1000 

𝑑 =
998

99
 

𝑠13 =
13

2
(2 × 2 + 12 ×

998

99
) 

= 812.30303 
≈ 812𝑚2 

2(a) 𝑥 + 3

𝑋 − 2
−

𝑥 + 1

𝑥 − 2
≥ 0 

(𝑥 + 3)(𝑥 − 2) − (𝑥 + 1)(𝑥 − 2)

(𝑥 − 2)2
≥ 0 

𝑥2 + 3𝑥 − 6 − (𝑥2 − 2𝑥 + 𝑥 − 2)

(𝑥 − 2)2
≥ 0 

𝑥2 + 𝑥 − 6 − 𝑥2 + 𝑥 + 2

(𝑥 − 2)2
≥ 0 

2(𝑥 − 4)

(𝑥 − 2)2
≥ 0;   𝑥 = 2 

2

𝑥 − 2
≥ 0 

 𝑥 < 2 𝑥 > 2 
𝑥 − 2 − + 

2

𝑥 − 2
 

− + 

𝑥 ≥ 2 
b(i) 

𝑦 =
(𝑥 − 1)(𝑥 − 4)

𝑥 − 5
=

𝑥2 − 5𝑥 + 4

𝑥 − 5
 

𝑥2 − 5𝑥 + 4 = 𝑥𝑦 − 5𝑦 

𝑥2 + 𝑥(−5 − 𝑦) + (4 + 5𝑦) = 0 

𝑊ℎ𝑒𝑛 𝑥 𝑖𝑠 𝑛𝑜𝑡 𝑟𝑒𝑎𝑙, 𝑏2 − 4𝑎𝑐 < 0 

(−5 − 𝑦)2 − 4(1)(4 + 5𝑦) < 0 

25 + 10𝑦 + 𝑦2 − 20𝑦 − 16 < 0 

𝑦2 − 10𝑦 + 9 < 0 

(𝑦 − 1)(𝑦 − 9) < 0 

𝑦 𝑦 < 1 1 < 𝑦 < 9 𝑦 > 9 

𝑦 − 1 - + + 
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𝑦 − 9 - - + 

(𝑦 − 1)(𝑦 − 9) + - + 

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑒 𝑑𝑜𝑒𝑠𝑛𝑜𝑡 𝑙𝑖𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 1 < 𝑦 < 9  

𝑤ℎ𝑒𝑛 𝑦 = 1; 𝑥2 − 6𝑥 + 9 = 0 

(𝑥 − 3)2 = 0; 𝑥 = 3 

∴ (3,1)𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑡𝑢𝑟𝑛𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 

𝑤ℎ𝑒𝑛 𝑦 = 9; 𝑥2 − 14𝑥 + 49 = 0 

(𝑥 − 7)2 = 0; 𝑥 = 7 

∴ (7,9)𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑢𝑟𝑛𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 
(ii) 

𝑦 =
𝑥2 − 5𝑥 + 4

𝑥 − 5
 

 

𝑦 = 𝑥 +
4

𝑥 − 5
 

𝐴𝑠 𝑥 → ∞,   
4

𝑥 − 5
→ 0 ; 𝑦 → 𝑥   

∴ 𝑦 = 𝑥 𝑖𝑠 𝑎𝑛 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒 

𝑥 − 5 = 0; 𝑥 = 5 𝑖𝑠 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒. 
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(iii) 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠; 

𝑤ℎ𝑒𝑛 𝑥 = 0, 𝑦 = −
4

5
 ; (0, −

4

5
)         

𝑤ℎ𝑒𝑛 𝑦 = 0;      
(𝑥−1)(𝑥−4)

𝑥−5
= 0 

                        (𝑥 − 1)(𝑥 − 4) = 0; 𝑥 = 1, 𝑥 = 4 

(1,0), (4,0) 

 

 
  3(a) 

64𝑥
2
3 + 𝑥

−2
3 = 20 

64𝑥
2
3 +

1

𝑥
2
3

= 20 

𝑙𝑒𝑡 𝑚 = 𝑥
2
3 

64𝑚 +
1

𝑚
= 20 

64𝑚2 + 1 = 20𝑚 
64𝑚2 − 20𝑚 + 1 = 0 

𝑚 =
20 + √(−20)2 − 4 × 64 × 1

2 × 64
 

𝐸𝑖𝑡ℎ𝑒𝑟 𝑚 =
1

4
   𝑜𝑟 𝑚 =

1

16
 

𝑓𝑜𝑟 𝑥
2
3 =

1

4
 

𝑥 = (
1

4
)

3
2

=
1

8
 

𝐹𝑜𝑟 𝑥
2
3 =

1

16
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𝑥 = (
1

16
 )

3
2

=
1

64
 

Verify;   

𝑓𝑜𝑟 𝑥 =
1

8
;  64 (

1

8
)

2
3
+ (

1

8
)

−2
3

= 20 

𝑓𝑜𝑟 𝑥 =
1

64
;  64 (

1

64
)

2
3
+ (

1

64
)

−2
3

= 20 

∴ 𝑥 =
1

8
  𝑎𝑛𝑑 𝑥 =

1

64
 

 
(b) 𝑈𝑟+1 = 𝑛∁𝑟𝑎

𝑛−𝑟𝑏𝑟 

𝑈𝑟+1 = 17∁𝑟(3𝑥)17−𝑟 (
2

3
)
𝑟

 

𝑈𝑟+1 = 17∁𝑟(3)17−𝑟 (
2

3
)
𝑟

(𝑥)17−𝑟 

𝑓𝑜𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑒𝑖𝑛𝑡 𝑜𝑓 𝑥7 
17 − 𝑟 = 7; 𝑟 = 10 

𝑈11 = 17∁10(3)7 (
2

3
)
10

(𝑥)7 = 737583.4074𝑥7 

 
𝑓𝑜𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑒𝑖𝑛𝑡 𝑜𝑓 𝑥8 

17 − 𝑟 = 8; 𝑟 = 9 

𝑈10 = 17∁9(3)8 (
2

3
)
9

(𝑥)8 = 4148906.667𝑥8 

𝑥7

𝑥8
=

737583.4074

4148906.667
=

8

45
 

∴ 𝑥7: 𝑥8 = 8: 45 
(c)(i) 

(1 + 𝑥)−2 = (𝑥 [1 +
1

𝑥
])

−2

= 𝑥−2 [1 +
1

𝑥
]
−2

 

(1 +
1

𝑥
)
−2

= 1 + (−2) (
1

𝑥
) +

(−2)(−3) (
1
𝑥)

2

2
+ ⋯ = 1 − 2𝑥−1 + 3𝑥−2 + ⋯ 

(1 + 𝑥)−2 = 𝑥−2[1 − 2𝑥−1 + 3𝑥−2 + ⋯] = 𝑥−2 − 2𝑥−3 + 3𝑥−4 + ⋯ 
(ii) 𝐹𝑜𝑟  𝑥 = 9 

𝐸𝑥𝑎𝑐𝑡 𝑣𝑎𝑙𝑢𝑒 = (1 + 𝑥)−2 = (1 + 9)−2 =
1

100
 

𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑣𝑎𝑙𝑢𝑒 = 𝑥−2 − 2𝑥−3 = (9)−2 − 2(9)−3 =
7

729
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%𝐸𝑟𝑟𝑜𝑟 =
(

1
100

−
7

729)

1
100

× 100 = 3.9781% 

4(a) 3𝑍 + 𝑊 = 9 + 11𝑖 
𝑖𝑊 − 𝑧 = −8 − 2𝑖 

(𝑖) + 3(𝑖𝑖) 
3𝑍 + 𝑊 = 9 + 11𝑖 

(−)   − 3𝑧 + 𝑖3𝑤 = −24 − 6𝑖 
𝑤 + 3𝑤𝑖 = −15 + 5𝑖 
𝑤(3𝑖 + 1) = 5𝑖 − 15 

𝑤 =
5𝑖 − 15

3𝑖 + 1
=

(5𝑖 − 15)(3𝑖 − 1)

(3𝑖 + 1)(3𝑖 − 1)
=

−15 − 5𝑖 − 45𝑖 + 15

−9 − 1
=

−50𝑖

−10
= 5𝑖 

 
𝑓𝑟𝑜𝑚 𝑧 = 𝑖𝑤 + 8 + 2𝑖 = 𝑖(5𝑖) + 8 + 2𝑖 = −5 + 8 + 2𝑖 = 3 + 2𝑖 

∴ 𝑧 = 3 + 2𝑖 𝑎𝑛𝑑 𝑤 = 5𝑖 

(b) 
[√3(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)]

8

[3𝑐𝑜𝑠2𝜃 + 3𝑖𝑠𝑖𝑛2𝜃]3
=

(√3)
8
(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)8

32(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)6
=

81

27
(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)8−6 

= 3(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃)2 = 3(𝑐𝑜𝑠2𝜃 + 𝑖𝑠𝑖𝑛2𝜃) 
(c) 𝑓𝑟𝑜𝑚 (1 + 3𝑖)𝑧1 = 5(1 + 𝑖) 

𝑧1 =
5(1 + 𝑖)

 (1 + 3𝑖)
=

5(1 + 𝑖)(1 − 3𝑖)

 (1 + 3𝑖)(1 − 3𝑖)
=

5[1 − 3𝑖 + 𝑖 − 3𝑖2]

[1 − 3𝑖 + 3𝑖 − 9𝑖2]
=

5

10
(4 − 2𝑖) = 2 − 𝑖 

𝑖𝑓 𝑧 = 𝑥 + 𝑖𝑦 
|𝑧 − 𝑧1| = |𝑧1| 

|𝑥 + 𝑖𝑦 − (2 − 𝑖)| = |2 − 𝑖| 
|(𝑥 + 2) + 𝑖(𝑦 + 1)| = |2 − 𝑖| 

√(𝑥 − 2)2 + (𝑦 + 1)2 = √22 + (−1)2 

(√(𝑥 − 2)2 + (𝑦 + 1)2)
2

= (√22 + (−1)2)
2
 

𝑥2 − 4𝑥 + 4 + 𝑦2 + 2𝑦 + 1 = 5 
𝑥2 + 𝑦2 − 4𝑥 + 2𝑦 = 0 

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 
2𝑔 = −4; 𝑔 = −2 

2𝑓 = 2; 𝑓 = 1 
𝑐𝑒𝑛𝑡𝑟𝑒(2,−1) 

𝑟𝑎𝑑𝑖𝑢𝑠, 𝑟 = √(−2)2 + 12 − 0 = √5 = 2.2361 𝑢𝑛𝑖𝑡𝑠  
∴ 𝑡ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓|𝑧 − 𝑧1| = |𝑧1|𝑤ℎ𝑒𝑟𝑒 𝑧 𝑎𝑛𝑑 𝑧1 𝑎𝑟𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒  

𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 𝐶(2,−1)𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟 = 2 2361 𝑢𝑛𝑖𝑡𝑠 
(d)  𝑓(𝑥) = 𝑎𝑥4 + 7𝑥3 + 𝑥2 + 𝑏𝑥 − 3 

𝐹𝑎𝑐𝑡𝑜𝑟𝑠 (𝑥 − 1)𝑎𝑛𝑑 (𝑥 + 1) 
𝐹𝑜𝑟 (𝑥 − 1); 𝑥 = 1, 𝑓(1) = 0 
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𝑓(1) = 𝑎(1)4 + 7(1)3 + (1)2 + 𝑏(1) − 3 
𝑎 + 7 + 1 + 𝑏 − 3 = 0 
𝑎 + 𝑏 = −5……… . (𝑖) 

𝐹𝑜𝑟 (𝑥 + 1); 𝑥 = −1; 𝑓(−1) = 0 
𝑓(−1) = 𝑎(−1)4 + 7(−1)3 + (−1)2 + 𝑏(−1) − 3 

𝑎 − 7 + 1 − 𝑏 − 3 = 0 
𝑎 − 𝑏 = 9……… . (𝑖) 
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑖) + (𝑖𝑖) 
𝑎 = 2, 𝑏 = −7 

𝑓(𝑥) > 0, 𝑓(𝑥) = 2𝑥4 + 7𝑥3 + 𝑥2 − 7𝑥 − 3 
𝑓𝑎𝑐𝑡𝑜𝑟𝑠, (𝑥 − 1)𝑎𝑛𝑑 (𝑥 + 1) 

(𝑥 − 1)(𝑥 + 1) = 𝑥2 − 1 

 
𝑓(𝑥) = (𝑥 − 1)(𝑥 + 1)(2𝑥2 + 7𝑥 + 3) 
𝑓(𝑥) = (𝑥 − 1)(𝑥 + 1)(𝑥 + 3)(2𝑥 + 1) 

(𝑥 − 1)(𝑥 + 1)(𝑥 + 3)(2𝑥 + 1) > 0 

𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑥 = 1, 𝑥 = −1, 𝑥 = −2 𝑎𝑛𝑑 𝑥 = −
1

2
 

 𝑥 < −3 −3 < 𝑥 < −1 
−1 < 𝑥 <

−1

2
 −1

2
< 𝑥 < 1 𝑥 > 1 

𝑥 − 1 − − − − + 
𝑥 + 1 − − + + + 
𝑥 + 3 − + + + + 
2𝑥 + 1 − − − + + 
𝑓(𝑥) + − + − + 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡; 𝑥 < −3,−1 < 𝑥 <
−1

2
 𝑎𝑛𝑑 𝑥 > 1 

 TRIGONOMETRY 
5(a) 

tan(𝜃 + 600) tan(𝜃 − 600) = (
𝑡𝑎𝑛𝜃 + 𝑡𝑎𝑛600

1 − 𝑡𝑎𝑛𝜃𝑡𝑎𝑛600
)(

𝑡𝑎𝑛𝜃 − 𝑡𝑎𝑛600

1 + 𝑡𝑎𝑛𝜃𝑡𝑎𝑛600
) 

= (
𝑡𝑎𝑛𝜃 + √3

1 − √3𝑡𝑎𝑛𝜃
)(

𝑡𝑎𝑛𝜃 − √3

1 + √3𝑡𝑎𝑛𝜃
) 
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𝑡𝑎𝑛2𝜃 − 3

1 − 3𝑡𝑎𝑛2𝜃
 

(b) −√5 ≤ 𝑐𝑜𝑠𝑥 + 2𝑠𝑖𝑛𝑥 ≤ √5 
𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑐𝑜𝑠𝑥 + 2 𝑠𝑖𝑛𝑥 = 𝑅𝑐𝑜𝑠(𝑥−∝) 

𝑐𝑜𝑠𝑥 + 2 𝑠𝑖𝑛𝑥 = 𝑅 cos(𝑥−∝) = 𝑅𝑐𝑜𝑠𝑥𝑐𝑜𝑠 ∝ +𝑅𝑠𝑖𝑛𝑥𝑠𝑖𝑛 ∝ 
𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔; 𝑅𝑐𝑜𝑠 ∝= 1 − − − − − − − −(𝑖) 

𝑅𝑠𝑖𝑛 ∝= 2 − − − − − − − − − (𝑖𝑖) 
(𝑖𝑖) ÷ (𝑖) 

𝑡𝑎𝑛 ∝= 2; ∝= 𝑡𝑎𝑛−1(2) = 63.430 

𝑅 = √5 

𝑐𝑜𝑠𝑥 + 2 𝑠𝑖𝑛𝑥 = √5cos (𝑥 − 63.430) 

𝑀𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑜𝑐𝑐𝑢𝑟𝑠 𝑤ℎ𝑒𝑛 cos(𝑥 − 63.430) = −1 ; √5(−1) = −√5 

𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 𝑜𝑐𝑐𝑢𝑟𝑠 𝑤ℎ𝑒𝑛 cos(𝑥 − 63.430) = 1 ; √5(1) = √5 

∴ −√5 ≤ 𝑐𝑜𝑠𝑥 + 2𝑠𝑖𝑛𝑥 ≤ √5 
(c) 10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 + 12 𝑐𝑜𝑠2𝑥 = 𝑅𝑠𝑖𝑛(2𝑥 + 𝛽) 

5(2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥) + 12𝑐𝑜𝑠2𝑥 = 𝑅𝑠𝑖𝑛(2𝑥 + 𝛽) 

𝑅 = √52 + 122 = 13;  𝛽 = 𝑡𝑎𝑛−1 (
12

5
) = 67.380 

∴ 10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 + 12 𝑐𝑜𝑠2𝑥 = 13𝑠𝑖𝑛(2𝑥 + 67.380) 

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 13 

𝑖𝑡 𝑜𝑐𝑐𝑢𝑟𝑠 𝑤ℎ𝑒𝑛 sin(2𝑥 + 67.380) = 1 

2𝑥 + 67.380 = 𝑠𝑖𝑛−1(1) = 900, 4500 

2𝑥 = 22.70,  382.620 

𝑥 = 11.350,    191.310 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = −13 

𝑖𝑡 𝑜𝑐𝑐𝑢𝑟𝑠 𝑤ℎ𝑒𝑛 sin(2𝑥 + 67.380) = −1 

2𝑥 + 67.380 = 𝑠𝑖𝑛−1(−1) = 2700 

2𝑥 = 202.620 

𝑥 = 101.310 

6(a) 
 
4𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝑒𝑐𝜃
+

3

𝑐𝑜𝑠𝑒𝑐2𝜃𝑠𝑒𝑐𝜃
= 𝑠𝑖𝑛2𝜃 
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4𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠𝑒𝑐𝜃
+

3

𝑐𝑜𝑠𝑒𝑐2𝜃𝑠𝑒𝑐𝜃
− 𝑠𝑖𝑛2𝜃 = 0 

4𝑠𝑖𝑛2𝜃𝑠𝑖𝑛𝜃 + 3𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛2𝜃 = 0 
𝑠𝑖𝑛2𝜃(4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 − 1) = 0 

𝑒𝑖𝑡ℎ𝑒𝑟 𝑠𝑖𝑛2𝜃 = 0 
𝑠𝑖𝑛𝜃 = 0;  𝜃 = 𝑠𝑖𝑛−1(0) = 00, 1800, 3600 

𝑂𝑟 (4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 − 1) = 0 
4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 = 1 

𝑙𝑒𝑡 4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 = 𝑅𝑠𝑖𝑛(𝜃 + 𝛼) 
4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 = 𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼 + 𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔; 𝑅𝑐𝑜𝑠 ∝= 4;     𝑅𝑠𝑖𝑛 ∝= 3 

𝑡𝑎𝑛 ∝=
3

4
; ∝= 𝑡𝑎𝑛−1 (

3

4
) = 36.870 

𝑅 = √5 
4𝑠𝑖𝑛𝜃 + 3𝑐𝑜𝑠𝜃 = 5 sin(𝜃 + 36.870) 

𝐵𝑢𝑡 5 sin(𝜃 + 36.870) = 1 

𝜃 + 36.870 = 𝑠𝑖𝑛−1 (
1

5
) 

𝜃 + 36.870 = 11.540, 168.460, 371.540 
𝜃 = −25.40, 131.590, 334.670 

𝜃 = 131.590, 334.670 

(b)(i) 𝑠𝑖𝑛2𝐴 + 𝑐𝑜𝑠2𝐴 + 1

𝑠𝑖𝑛2𝐴 + 𝑐𝑜𝑠2𝐴 − 1
=

tan (450 + 𝐴)

𝑡𝑎𝑛𝐴
 

𝐹𝑟𝑜𝑚 𝑅.𝐻. 𝑆;  

tan(450 + 𝐴)

𝑡𝑎𝑛𝐴
=

(
𝑡𝑎𝑛45 + 𝑡𝑎𝑛𝐴
1 − 𝑡𝑎𝑛45𝑡𝑎𝑛𝐴

)

𝑡𝑎𝑛𝐴
=

(
1 + 𝑡𝑎𝑛𝐴
1 − 𝑡𝑎𝑛𝐴)

𝑡𝑎𝑛𝐴
=

(
1 +

𝑠𝑖𝑛𝐴
𝑐𝑜𝑠𝐴

1 −
𝑠𝑖𝑛𝐴
𝑐𝑜𝑠𝐴

)

(
𝑠𝑖𝑛𝐴
𝑐𝑜𝑠𝐴)

 

=
(1 +

𝑠𝑖𝑛𝐴
𝑐𝑜𝑠𝐴) 𝑐𝑜𝑠𝐴

(1 −
𝑠𝑖𝑛𝐴
𝑐𝑜𝑠𝐴) 𝑠𝑖𝑛𝐴

=
𝑐𝑜𝑠𝐴 + 𝑠𝑖𝑛𝐴

𝑠𝑖𝑛𝐴 −
𝑠𝑖𝑛2𝐴
𝑐𝑜𝑠𝐴

=
𝑐𝑜𝑠𝐴 + 𝑠𝑖𝑛𝐴

𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴 − 𝑠𝑖𝑛2𝐴
𝑐𝑜𝑠𝐴

=
(𝑐𝑜𝑠𝐴 + 𝑠𝑖𝑛𝐴)𝑐𝑜𝑠𝐴

𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴 − 𝑠𝑖𝑛2𝐴

=
2(𝑐𝑜𝑠2𝐴 + 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴)

2(𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴 − 𝑠𝑖𝑛2𝐴)
=

𝑐𝑜𝑠2𝐴 + 𝑠𝑖𝑛2𝐴 + 1

𝑠𝑖𝑛2𝐴 + 𝑐𝑜𝑠2𝐴 − 1
 

∴  
𝑠𝑖𝑛2𝐴 + 𝑐𝑜𝑠2𝐴 + 1

𝑠𝑖𝑛2𝐴 + 𝑐𝑜𝑠2𝐴 − 1
=

tan (450 + 𝐴)

𝑡𝑎𝑛𝐴
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(ii) 𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛3𝜃𝑐𝑜𝑠6𝜃

𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛3𝜃𝑠𝑖𝑛6𝜃
= 𝑐𝑜𝑡5𝜃 

𝑓𝑟𝑜𝑚 𝐿. 𝐻. 𝑆 
𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛3𝜃𝑐𝑜𝑠6𝜃

𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛3𝜃𝑠𝑖𝑛6𝜃
=

𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛3𝜃𝑐𝑜𝑠6𝜃

𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 + 𝑠𝑖𝑛3𝜃𝑠𝑖𝑛6𝜃
 

=

1
2

(𝑠𝑖𝑛3𝜃 − 𝑠𝑖𝑛𝜃) +
1
2

(𝑠𝑖𝑛9𝜃 − 𝑠𝑖𝑛3𝜃)

−1
2

(𝑐𝑜𝑠3𝜃 − 𝑐𝑜𝑠𝜃) −
1
2

(𝑐𝑜𝑠9𝜃 − 𝑐𝑜𝑠𝜃)
=

𝑠𝑖𝑛9𝜃 − 𝑠𝑖𝑛𝜃

−(𝑐𝑜𝑠9𝜃 − 𝑐𝑜𝑠𝜃)
 

=
2𝑐𝑜𝑠5𝜃𝑠𝑖𝑛4𝜃

−(−2𝑠𝑖𝑛5𝜃𝑠𝑖𝑛4𝜃)
=

𝑐𝑜𝑠5𝜃

𝑠𝑖𝑛5𝜃
= 𝑐𝑜𝑡5𝜃 

 

(c) 
𝑠𝑖𝑛𝜃

1 − 𝑐𝑜𝑠𝜃
=

2𝑠𝑖𝑛
𝜃
2

𝑐𝑜𝑠
𝜃
2

1 − [1 − 2𝑠𝑖𝑛2 𝜃
2
]
=

2𝑠𝑖𝑛
𝜃
2

𝑐𝑜𝑠
𝜃
2

1 − 1 + 2𝑠𝑖𝑛2 𝜃
2

=
𝑐𝑜𝑠

𝜃
2

𝑠𝑖𝑛
𝜃
2

= 𝑐𝑜𝑡
𝜃

2
 

𝐹𝑟𝑜𝑚 𝑡𝑎𝑛
𝜃

2
= √3𝑠𝑖𝑛𝜃 

𝑆𝑖𝑛𝑐𝑒 
𝑠𝑖𝑛𝜃

1 − 𝑐𝑜𝑠𝜃
= 𝑐𝑜𝑡

𝜃

2
 

⟹ 𝑡𝑎𝑛
𝜃

2
=

1 − 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 

1 − 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
= √3𝑠𝑖𝑛𝜃 

1 − 𝑐𝑜𝑠𝜃 = √3𝑠𝑖𝑛2𝜃 

1 − 𝑐𝑜𝑠𝜃 = √3(1 − 𝑐𝑜𝑠𝜃) 

1 − 𝑐𝑜𝑠𝜃 = √3 − √3𝑐𝑜𝑠2𝜃 

√3𝑐𝑜𝑠2𝜃 − 𝑐𝑜𝑠𝜃 + (1 − √3) = 0 

𝑐𝑜𝑠𝜃 =
1 ± √(−1)2 − 4√3(1 − √3)

2 × √3
 

𝐸𝑖𝑡ℎ𝑒𝑟 𝑐𝑜𝑠𝜃 = −0.4226 
𝑂𝑟 𝑐𝑜𝑠𝜃 = 1 

𝐹𝑜𝑟 𝑐𝑜𝑠𝜃 = −0.4226 
𝜃 = 𝑐𝑜𝑠−1(−0.4226) = 1150 

𝐹𝑜𝑟 𝑐𝑜𝑠𝜃 = 1 
𝜃 = 𝑐𝑜𝑠−1(1) = 00, 3600 

∴ 𝜃 = 00, 1150 
3(a) 

𝑡𝑎𝑛 (
𝑋 − 𝑌

2
) = (

𝑥 − 𝑦

𝑥 + 𝑦
)𝐶𝑜𝑡 (

𝑍

2
),  

𝑓𝑟𝑜𝑚 𝐿𝐻𝑆; 
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(
𝑥 − 𝑦

𝑥 + 𝑦
)𝐶𝑜𝑡 (

𝑍

2
) =

2𝑅(𝑆𝑖𝑛𝑋 − 𝑆𝑖𝑛𝑌)𝐶𝑜𝑠
𝑍
2

2𝑅(𝑆𝑖𝑛𝑋 + 𝑆𝑖𝑛𝑌)𝑆𝑖𝑛
𝑍
2

=
2𝑆𝑖𝑛 (

𝑋 − 𝑌
2 )𝐶𝑜𝑠 (

𝑋 + 𝑌
2 )𝐶𝑜𝑠

𝑍
2

2𝑆𝑖𝑛 (
𝑋 + 𝑌

2 )𝐶𝑜𝑠 (
𝑋 − 𝑌

2 ) 𝑆𝑖𝑛
𝑍
2

 

𝐵𝑢𝑡 𝐶𝑜𝑠
𝑍

2
= 𝐶𝑜𝑠 (90 −

𝑋 + 𝑌

2
) = 𝑆𝑖𝑛 (

𝑋 − 𝑌

2
) 

𝑆𝑖𝑛
𝑍

2
= 𝑆𝑖𝑛 (90 −

𝑋 + 𝑌

2
) = 𝐶𝑜𝑠 (

𝑋 + 𝑌

2
) 

(
𝑥 − 𝑦

𝑥 + 𝑦
)𝐶𝑜𝑡 (

𝑍

2
) =

2𝑆𝑖𝑛 (
𝑋 − 𝑌

2 )𝐶𝑜𝑠 (
𝑋 + 𝑌

2 ) 𝑆𝑖𝑛 (
𝑋 − 𝑌

2 )

2𝑆𝑖𝑛 (
𝑋 + 𝑌

2 )𝐶𝑜𝑠 (
𝑋 − 𝑌

2 )𝐶𝑜𝑠 (
𝑋 + 𝑌

2 )
= 𝑡𝑎𝑛 (

𝑋 − 𝑌

2
) 

∴ 𝑡𝑎𝑛 (
𝑋 − 𝑌

2
) = (

𝑥 − 𝑦

𝑥 + 𝑦
)𝐶𝑜𝑡 (

𝑍

2
), 

𝑡𝑎𝑛 (
𝑋 − 𝑌

2
) = (

𝑥 − 𝑦

𝑥 + 𝑦
)𝐶𝑜𝑡 (

𝑍

2
) 

𝑡𝑎𝑛 (
𝑋 − 𝑌

2
) = (

9 − 5.7

9 + 5.7
) 𝐶𝑜𝑡 (

570

2
) 

𝑡𝑎𝑛 (
𝑋 − 𝑌

2
) = 0.4135 

𝑋 − 𝑌

2
= 𝑡𝑎𝑛−1(0.4135) 

𝑋 − 𝑌

2
= 2(22.460) 

𝑋 − 𝑌 = 44.920 ………… . . (𝑖) 
𝑋 + 𝑌 + 𝑍 = 1800 

𝑋 + 𝑌 + 570 = 1800 
𝑥 + 𝑌 = 1230 ……………(𝑖𝑖) 

(𝑖) − (𝑖𝑖) 
−2𝑌 = −78.080 

𝑌 = 39.040 
39.040 + 𝑋 = 1230 

𝑋 = 83.960 
𝑧

𝑠𝑖𝑛57
=

5.7

𝑠𝑖𝑛39.040
 

𝑧 =
5.7𝑠𝑖𝑛570

𝑠𝑖𝑛39.040
 

𝑧 = 7.5896𝑐𝑚 
(b) 

𝑆𝑖𝑛(2𝑠𝑖𝑛−1𝑥 + 𝑐𝑜𝑠−1𝑥) = √1 − 𝑥2 
𝐹𝑟𝑜𝑚  𝐿𝐻𝑆 = 𝑆𝑖𝑛(2𝑠𝑖𝑛−1𝑥 + 𝑐𝑜𝑠−1𝑥) 

𝑙𝑒𝑡 𝐴 = 𝑠𝑖𝑛−1𝑥 

𝑠𝑖𝑛𝐴 = 𝑥;   𝑐𝑜𝑠𝐴 = √1 − 𝑥2 
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𝐿𝑒𝑡 𝐵 = 𝑐𝑜𝑠−1𝑥; 𝐶𝑜𝑠𝐵 = 𝑥, 𝑆𝑖𝑛 𝐵 = √1 − 𝑥2 
sin(2𝐴 + 𝐵) = 𝑠𝑖𝑛2𝐴𝑐𝑜𝑠𝐵 + 𝑐𝑜𝑠2𝐴𝑠𝑖𝑛𝐵 
= 2𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 + (1 − 2𝑠𝑖𝑛2𝐴)𝑐𝑜𝑠𝐵 

= 2𝑥2√1 − 𝑥2  + √1 − 𝑥2 − 2𝑥2√1 − 𝑥2 = √1 − 𝑥2 

∴ 𝑆𝑖𝑛(2𝑠𝑖𝑛−1𝑥 + 𝑐𝑜𝑠−1𝑥) = √1 − 𝑥2 

(c) 2 sin(600 − 𝑥) =√2𝑐𝑜𝑠(1350 + 𝑥) + 1 

2(𝑠𝑖𝑛600𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥𝑐𝑜𝑠600) = √2(𝑐𝑜𝑠1350𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛1350𝑠𝑖𝑛𝑥) + 1 

2(
√3

2
𝑐𝑜𝑠𝑥 −

1

2
𝑠𝑖𝑛𝑥) = √2 (

−1

√2
𝑐𝑜𝑠𝑥 −

1

√2
𝑠𝑖𝑛𝑥) + 1 

√3𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥 = −𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥 + 1 

√3𝑐𝑜𝑠𝑥 + 𝑐𝑜𝑠𝑥 = 1 

𝑐𝑜𝑠𝑥 =
1

1 + √3
 

𝑥 = 𝑐𝑜𝑥−1 (
1

1 + √3
) 

𝑥 = −68.530, 68.530, 291.470 

∴ 𝑥 = −68.530, 68.530 

8(a) 

 

72 + 242 = 𝑎2 

𝑎 = 25 

∴ 𝑐𝑜𝑠𝑥 =
−24

25
; 𝑠𝑖𝑛𝑥 =

−7

25
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(−4)2 + 𝑏2 = 25 

𝑏 = 3 

∴ 𝑠𝑖𝑛𝑦 =
3

5
 

𝑠𝑖𝑛(𝑥 + 𝑦) = 𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑦 + 𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑦 

= (
−7

25
×

−4

5
) + (

−24

25
×

3

5
)= 

28

125
+

−72

125
=

−44

125
 

(b) 

 

𝐹𝑟𝑜𝑚 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐𝑐𝑜𝑠𝐴 

𝑐𝑜𝑠𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
 

𝐴 = 𝑐𝑜𝑠−1 [
212+102−172

2×17×10
] = 42.170   

 (c) 𝑠𝑖𝑛3𝑥 + 𝑠𝑖𝑛7𝑥 = 𝑠𝑖𝑛5𝑥 

𝑠𝑖𝑛3𝑥 + 𝑠𝑖𝑛7𝑥 − 𝑠𝑖𝑛5𝑥 = 0 

2𝑠𝑖𝑛5𝑥𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛5𝑥 = 0 

𝑠𝑖𝑛5𝑥(2𝑐𝑜𝑠2𝑥 − 1) = 0 

𝑒𝑖𝑡ℎ𝑒𝑟 𝑠𝑖𝑛5𝑥 = 0 

5𝑥 = 𝑠𝑖𝑛−1(0) = 00, 1800, 3600, 5400, 7200, 9000, 10800, 12600, 14400, 16200, 18000 

𝑥 = 00, 360, 720, 1080, 1440, 1800, 2160, 2520, 2880, 3240, 3600 

𝑂𝑟 2 𝑐𝑜𝑠2𝑥 − 1 = 0 
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𝑐𝑜𝑠2𝑥 =
1

2
 

2𝑥 = 𝑐𝑜𝑠−1 (
1

2
) = 600, 3000, 4200, 6600 

𝑥 = 300, 1500, 2100, 3300 

𝑥 = 00, 300, 360, 720, 1080, 1440, 1500, 1800, 2100, 2160, 2520, 2880, 3240, 3300, 3600 

d(i) 2𝐴 + 𝐵 = 135 

𝐵 = 135 − 2𝐴 

𝑡𝑎𝑛𝐵 = 𝑡𝑎𝑛(135 − 2𝐴) 

=
𝑡𝑎𝑛135 − 𝑡𝑎𝑛2𝐴

1 − 𝑡𝑎𝑛135𝑡𝑎𝑛2𝐴
 

=
−1 − (

2𝑡𝑎𝑛𝐴
1 − 𝑡𝑎𝑛2𝐴

)

1 − (
2𝑡𝑎𝑛𝐴

1 − 𝑡𝑎𝑛2𝐴
)

 

=

−1 + 𝑡𝑎𝑛2𝐴 − 2𝑡𝑎𝑛𝐴
1 − 𝑡𝑎𝑛2𝐴

1 − 𝑡𝑎𝑛2𝐴 − 2𝑡𝑎𝑛𝐴
1 − 𝑡𝑎𝑛2𝐴

 

∴ 𝑡𝑎𝑛𝐵 =
𝑡𝑎𝑛2𝐴 − 2𝑡𝑎𝑛𝐴 − 1

1 − 2𝑡𝑎𝑛𝐴 − 𝑡𝑎𝑛2𝐴
 

(ii) 
𝐹𝑟𝑜𝑚 𝑡𝑎𝑛 ∝=

4

3
; 𝑠𝑖𝑛 ∝=

4

5
; 𝑐𝑜𝑠 ∝=

3

5
 

4 sin(𝜃 + 𝛼) + 3 cos(𝜃 + 𝛼) = 4[𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼] + 3[𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 − 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼] 

4 sin(𝜃 + 𝛼) + 3 cos(𝜃 + 𝛼) = 4 [
3

5
𝑠𝑖𝑛𝜃 +

4

5
𝑐𝑜𝑠𝜃] + 3 [

3

5
𝑐𝑜𝑠𝜃 −

4

5
𝑠𝑖𝑛𝜃] 

4 sin(𝜃 + 𝛼) + 3 cos(𝜃 + 𝛼) =
12

5
𝑠𝑖𝑛𝜃 +

16

5
𝑐𝑜𝑠𝜃 +

9

5
𝑐𝑜𝑠𝜃 −

12

5
𝑠𝑖𝑛𝜃 

∴ 4 sin(𝜃 + 𝛼) + 3 cos(𝜃 + 𝛼) = 5𝑐𝑜𝑠𝜃 

𝐹𝑟𝑜𝑚 5𝑐𝑜𝑠𝜃 =
√300

4
 

𝜃 = 𝑐𝑜𝑠−1 (
√300

4
) = −300, 300 

 
9(a) 

ANALYSIS 

𝐴𝑥2 + 𝐵𝑦2 = 11         (2,1)  
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4𝐴 + 𝐵 = 11…………(𝑖) 

𝑑

𝑑𝑥
( 𝐴𝑥2 + 𝐵𝑦2) =

𝑑

𝑑𝑥
(11) 

2𝐴𝑥 + 2𝐵𝑦
𝑑𝑦

𝑑𝑥
= 0 

𝑝𝑜𝑖𝑛𝑡 (2,1)𝑎𝑛𝑑 
𝑑𝑦

𝑑𝑥
= 6  

4𝐴 + 12𝐵 = 0 

4𝐴 = −12𝐵 …… . . (𝑖𝑖) 

(𝑖𝑖)𝑖𝑛𝑡𝑜 (𝑖) 

−12𝐵 + 𝐵 = 11 

−11𝐵 = 11;𝐵 = −1 

4𝐴 = −12(−1) 

𝐴 = 3 

∴ 𝐴 = 3, 𝐵 = 1 

(b) 𝑙𝑒𝑡 𝑜𝑛𝑒 𝑠𝑖𝑑𝑒 𝑏𝑒 𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 3𝑥 

𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 𝑃 = 2(𝑥 + 3𝑥) = 8𝑥; 𝑥 =
𝑝

8
 

𝐴𝑟𝑒𝑎, 𝐴 = 𝑙 × 𝑤 = 𝑥 × 3𝑥 = 3𝑥2 = 3(
𝑝

8
)
2

=
3𝑃2

64
 

𝑑𝐴

𝑑𝑃
=

6𝑃

64
 

𝑏𝑢𝑡 
∆𝑃

𝑃
= 2%; ∆𝑃 = 0.02𝑃 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑖𝑠 
∆𝐴

𝐴
 

𝐵𝑢𝑡 ∆𝐴 ≈ (
𝑑𝐴

𝑑𝑃
) . ∆𝑃 =

6𝑃

64
× 0.02𝑃 =

0.12𝑃2

64
 

∆𝐴

𝐴
=

0.12𝑃2

64
×

64

3𝑃2
× 100 = 4% 

 (c) 𝑇. 𝑆. 𝐴 = (2𝑥 × 3𝑥) + 2(2𝑥ℎ) + 2(3𝑥ℎ) 
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200 = 6𝑥2 + 4𝑥ℎ + 6𝑥ℎ 

200 = 6𝑥2 + 10𝑥ℎ 

ℎ =
200 − 6𝑥

10𝑥
=

20

𝑥
−

3

5
𝑥 𝑐𝑚 

𝑉 = 𝑙 × 𝑤 × ℎ = 2𝑥 × 3𝑥 × (
20

𝑥
−

3

5
𝑥) = 6𝑥2 (

20

𝑥
−

3

5
𝑥) 

𝑉 = 120𝑥 −
18

5
𝑥2 

𝑑𝑉

𝑑𝑥
= 120 −

54

5
𝑥2 

𝐹𝑜𝑟 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑉𝑜𝑙𝑢𝑚𝑒; 
𝑑𝑉

𝑑𝑥
= 0 

120 −
54

5
𝑥2 = 0 

𝑥 =
√30

3
 

𝐿𝑒𝑛𝑔𝑡ℎ = 2
√30

3
 𝑐𝑚;   𝑊𝑖𝑑𝑡ℎ = √30 𝑐𝑚, ℎ𝑒𝑖𝑔ℎ𝑡 = 9.859𝑐𝑚  

10(a) 
𝑦 =

𝑐𝑜𝑠𝑥

𝑥2
 

𝑦𝑥2 = 𝑐𝑜𝑠𝑥 

𝑥2
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = −𝑠𝑖𝑛𝑥 

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 2𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑦 = −𝑐𝑜𝑠𝑥 

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 4𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑦 = −𝑦𝑥2 

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 4𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑦 + 𝑦𝑥2 = 0 

𝑥2
𝑑2𝑦

𝑑𝑥2
+ 4𝑥

𝑑𝑦

𝑑𝑥
+ (2 + 𝑥2)𝑦 = 0 

(b) 
𝑥 = 3 + 4𝑐𝑜𝑠𝛼; 

𝑑𝑥

𝑑𝛼
= −4𝑠𝑖𝑛𝛼 
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𝑦 = 5 − 8𝑠𝑖𝑛𝛼; 
𝑑𝑦

𝑑𝛼
= −8𝑐𝑜𝑠𝛼 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝛼
.
𝑑𝛼

𝑑𝑥
=

−8𝑐𝑜𝑠𝛼

−4𝑠𝑖𝑛𝛼
= 2𝑐𝑜𝑡𝛼 

𝐹𝑟𝑜𝑚 
𝑑𝑦

𝑑𝑥
= 2𝑐𝑜𝑡𝛼 

𝑑

𝑑𝑥
(
𝑑𝑦

𝑑𝑥
) =

𝑑

𝑑𝑥
(2𝑐𝑜𝑡𝛼) = −2𝑐𝑜𝑠𝑒𝑐2𝛼

𝑑𝛼

𝑑𝑥
 

=
−2𝑐𝑜𝑠𝑒𝑐2𝛼

−4𝑠𝑖𝑛𝛼
=

1

2
𝑐𝑜𝑠𝑒𝑐3𝛼 

(c) 𝑥 = 𝑡2 − 𝑡 

𝑡2 − 𝑡 − 2 = 0; 𝑡 =
1 ± √(−1) − 4(1)(−2)

2(1)
 

𝐸𝑖𝑡ℎ𝑒𝑟 𝑡 = −1 𝑜𝑟 𝑡 = 2 

𝑦 = 3𝑡 + 4 

3𝑡 + 4 = 10; 𝑡 = 2 

∴ 𝑡 = 2 

𝑥 = 𝑡2 − 𝑡; 
𝑑𝑥

𝑑𝑡
= 2𝑡 − 1 

𝑦 = 3𝑡 + 4; 
𝑑𝑦

𝑑𝑡
= 3 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
=

3

2𝑡 − 1
=

3

2(2) − 1
= 1 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛; 1 =
𝑦 − 10

𝑥 − 2
 

𝑦 − 10 = 𝑥 − 2 

𝑦 = 𝑥 + 8 

(d) 𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠𝑥 

𝑦 + ∆𝑦 = cos(𝑥 + ∆𝑥) 

𝐿𝑒𝑡 𝑥 = 450 𝑎𝑛𝑑 ∆𝑥 = −0.40 
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𝑦 = 𝑐𝑜𝑠450 =
1

√2
=

√2

2
 

𝑦 = 𝑐𝑜𝑠𝑥; 
𝑑𝑦

𝑑𝑥
= −𝑠𝑖𝑛𝑥 

∆𝑦 ≈ (
𝑑𝑦

𝑑𝑥
) × ∆𝑥 = (−𝑠𝑖𝑛𝑥) × −0.40 = (−𝑠𝑖𝑛450) × −

2𝜋

900
=

1

√2
.
2𝜋

900

=
√2

2
.
2𝜋

900
 

cos(450 − 0.40) =
√2

2
+

√2

2
.
2𝜋

900
=

√2

2
(1 +

2𝜋

900
) =

√2

2
(
900 + 2𝜋

900
) 

11.(a) 

∫ 𝑥 log 𝑥2𝑑𝑥 = 2(50 −
99

4𝑙𝑛10
)

10

1

 

𝑙𝑒𝑡 𝑢 = log 𝑥2 =
log𝑒 𝑥2

log𝑒 10
=

1

𝑙𝑛10
𝑙𝑛𝑥2 =

2

𝑙𝑛10
𝑙𝑛𝑥 

∫ 𝑥 log 𝑥2
10

1

𝑑𝑥 =
2

𝑙𝑛10
∫ 𝑥𝑙𝑛𝑥𝑑𝑥

10

1

 

𝐿𝑒𝑡 𝑢 = 𝑙𝑛𝑥;    𝑑𝑢 =
1

𝑥
𝑑𝑥 

𝑑𝑣

𝑑𝑥
= 𝑥; 𝑣 =

𝑥2

2
 

2

𝑙𝑛10
∫ 𝑥𝑙𝑛𝑥𝑑𝑥

10

1

=
2

𝑙𝑛10
[
𝑥2

2
𝑙𝑛𝑥 − ∫

𝑥2

2
.
1

𝑥
𝑑𝑥] =

2

𝑙𝑛10
[
𝑥2

2
𝑙𝑛𝑥 −

1

2
∫𝑥𝑑𝑥] 

= [
2

𝑙𝑛10
(
𝑥2

2
𝑙𝑛𝑥 −

𝑥2

4
)]

1

10

=
2

𝑙𝑛10
[(

102

2
𝑙𝑛10 −

102

4
) − (−

1

4
)] 

=
2

𝑙𝑛10
[
100

2
𝑙𝑛10 −

99

4
] = 2 (50 −

99

4𝑙𝑛10
) 

(b) 𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
=

𝑥3 + 9𝑥2 + 28𝑥 + 28

𝑥2 + 6𝑥 + 9
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𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
≡ 𝑥 + 3 +

𝑥 + 1

(𝑥 + 3)2
 

𝑥 + 1

(𝑥 + 3)2
≡

𝐴

𝑥 + 3
+

𝐵

(𝑥 + 3)2
 

𝑥 + 1 ≡ 𝐴(𝑥 + 3) + 𝐵 

𝑤ℎ𝑒𝑛 𝑥 = −3; −2 = 𝐵;𝐵 = −2 

𝑤ℎ𝑒𝑛 𝑥 = 0; 1 = 3𝐴 + 𝐵;   1 = 3𝐴 − 2; 𝐴 = 1 

𝑥 + 1

(𝑥 + 3)2
≡

1

𝑥 + 3
+

−2

(𝑥 + 3)2
 

𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
≡ (𝑥 + 3) +

1

𝑥 + 3
−

2

(𝑥 + 3)2
 

∫
𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
𝑑𝑥 =

1

3
(10 + 𝑙𝑛

4

3
)

1

0

 

∫
𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
𝑑𝑥 = ∫ ((𝑥 + 3) +

1

𝑥 + 3
−

2

(𝑥 + 3)2
)𝑑𝑥

1

0

1

0

 

= ∫ (𝑥 + 3)𝑑𝑥
1

0

+ ∫ (
1

𝑥 + 3
)𝑑𝑥

1

0

− ∫ (
2

(𝑥 + 3)2
)𝑑𝑥

1

0

 

= [
𝑥2

2
+ 3𝑥 + ln(𝑥 + 3) − 2 (

−1

𝑥 + 3
)]

0

1

= (
1

2
+ 3 + 𝑙𝑛4 +

2

4
) − (𝑙𝑛3 +

2

3
) 

=
1

2
+ 3 +

2

4
−

2

3
+ 𝑙𝑛4 − 𝑙𝑛3 =

10

3
+ 𝑙𝑛

4

3
=

1

3
(10) + 𝑙𝑛

4

3
 

∴ ∫
𝑥3 + 9𝑥2 + 28𝑥 + 28

(𝑥 + 3)2
𝑑𝑥 =

1

3
(10 + 𝑙𝑛

4

3
)

1

0

 

(c)(i) 
∫𝑙𝑛 (

2

𝑥
)𝑑𝑥 = ∫(𝑙𝑛2 − 𝑙𝑛𝑥)𝑑𝑥 = (𝑙𝑛2)𝑥 − ∫ 𝑙𝑛𝑥𝑑𝑥 
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∫ 𝑙𝑛𝑥𝑑𝑥 ; 𝑙𝑒𝑡 𝑢 = 𝑙𝑛𝑥; 
𝑑𝑢

𝑑𝑥
=

1

𝑥
;   

𝑑𝑣

𝑑𝑥
= 1; 𝑣 = 𝑥 

∫𝑙𝑛𝑥𝑑𝑥 = 𝑥𝑙𝑛𝑥 − ∫𝑥.
1

𝑥
𝑑𝑥 

∫𝑙𝑛𝑥𝑑𝑥 = 𝑥𝑙𝑛𝑥 − 𝑥 + 𝑐 

∴ ∫ 𝑙𝑛 (
2

𝑥
)𝑑𝑥 = (𝑙𝑛2)𝑥 − 𝑥𝑙𝑛𝑥 + 𝑥 + 𝑐 

(ii) 
∫(𝑥𝑐𝑜𝑠𝑥)2𝑑𝑥 = ∫𝑥2𝑐𝑜𝑠2𝑥 𝑑𝑥 

𝑓𝑟𝑜𝑚 𝑐𝑜𝑠2𝑥 =
1

2
(𝑐𝑜𝑠2𝑥 + 1) 

∫𝑥2𝑐𝑜𝑠2𝑥 𝑑𝑥 =
1

2
∫𝑥2(𝑐𝑜𝑠2𝑥 + 1)𝑑𝑥 =

1

2
∫𝑥2𝑐𝑜𝑠2𝑥𝑑𝑥 +

1

2
∫𝑥2𝑑𝑥 

𝐹𝑜𝑟 ∫𝑥2𝑐𝑜𝑠2𝑥𝑑𝑥 

 

∫𝑥2𝑐𝑜𝑠2𝑥𝑑𝑥 =
𝑥2

2
𝑠𝑖𝑛2𝑥 +

𝑥

2
𝑐𝑜𝑠2𝑥 −

1

4
𝑠𝑖𝑛2𝑥 + 𝑐 

∫𝑥2𝑐𝑜𝑠2𝑥 𝑑𝑥 =
𝑥2

4
𝑠𝑖𝑛2𝑥 +

𝑥

4
𝑐𝑜𝑠2𝑥 −

1

8
𝑠𝑖𝑛2𝑥 +

𝑥3

6
+ 𝑐 

(iii) 
∫

𝑥

√1 − 3𝑥
𝑑𝑥 

𝐿𝑒𝑡 𝑢 = √1 − 3𝑥; 𝑢2 = 1 − 3𝑥;  

2𝑢𝑑𝑢 = −3𝑑𝑥;    𝑑𝑥 =
−2

3
𝑢𝑑𝑢 

D
o
w
n
l
o
a
d
e
d
 
f
r
o
m
 
w
w
w
.
m
u
t
o
o
n
l
i
n
e
.
c
o
m
,
 
M
o
r
e
 
P
A
S
T
P
A
P
E
R
S
 
a
r
e
 
a
v
a
i
l
a
b
l
e
 



COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565                             Page 21 of 48 
 

∫
𝑥

√1 − 3𝑥
𝑑𝑥 = ∫

(
1 − 𝑢2

3 )

𝑢
× 

−2

3
𝑢 𝑑𝑢 =

−2

9
∫(1 − 𝑢2)𝑑𝑢 

=
−2

9
(𝑢 −

𝑢3

3
) + 𝑐 

=
−2

9
[(√1 − 3𝑥) −

1

3
(√(1 − 3𝑥)3)] + 𝐶 

 12(a) 𝑃 = 8000[1 − 𝑠𝑖𝑛(2𝜋𝑡 − 3)] 

𝑃 = 8000 − 8000𝑠𝑖𝑛(2𝜋𝑡 − 3) 

𝑑𝑃

𝑑𝑡
= −8000 × 2𝜋𝑐𝑜𝑠(2𝜋𝑡 − 3) = −1600𝜋𝑐𝑜𝑠(2𝜋𝑡 − 3) 

𝐴𝑡 𝑚𝑎𝑥𝑖𝑚𝑢𝑚; 
𝑑𝑃

𝑑𝑡
= 0 

= −1600𝜋𝑐𝑜𝑠(2𝜋𝑡 − 3) = 0 

𝑐𝑜𝑠(2𝜋𝑡 − 3) = 0 

2𝜋𝑡 − 3 = 𝑐𝑜𝑠−1(0) 

2𝜋𝑡 − 3 =
𝜋

2
 

2𝜋𝑡 =
𝜋

2
+ 3; 2𝜋𝑡 =

𝜋 + 6

2
; 𝑡 = (

𝜋 + 6

2
) ÷ 2𝜋 

𝑡 =
𝜋 + 6

4𝜋
=

𝜋

4𝜋
+

6

4𝜋
 

𝑡 = (
1

4
+

3

2𝜋
) 𝑠 

𝑃 = 8000[1 − 𝑠𝑖𝑛(2𝜋𝑡 − 3)] = 8000 [1 − 𝑠𝑖𝑛 (2𝜋 ×
𝜋 + 6

4𝜋
− 3)] 

𝑃 = 8000 [1 − 𝑠𝑖𝑛 (
𝜋 + 6

2
− 3)] 

= 8000 [1 − 𝑠𝑖𝑛 (
𝜋

2
)] = 8000(1 − 1) = 0𝑁𝑚−2 
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12 (b) 

 

𝐿𝑖𝑚𝑖𝑡𝑠 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 

𝑠𝑖𝑛𝑥 = (
1

2
) 

𝑥 = 𝑠𝑖𝑛−1 (
1

2
) 

𝑥 =
𝜋

6
,
5𝜋

6
 

𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎, ∆𝐴 = (𝑦2 − 𝑦1)∆𝑥 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑎𝑟𝑒𝑎, 𝐴 = ∫ (𝑠𝑖𝑛𝑥 −
1

2
)𝑑𝑥

5𝜋
6

𝜋
6

= [−𝑐𝑜𝑠𝑥 −
𝑥

2
]
𝜋
6

5𝜋
6

 

= (−𝑐𝑜𝑠 (
5𝜋

6
) − (

5𝜋

12
)) − (−𝑐𝑜𝑠 (

𝜋

6
) − (

𝜋

12
)) =  0.6849𝑠𝑞 𝑢𝑛𝑖𝑡𝑠 

(c) 

 

𝑉 = 𝜋 ∫ 32𝑥 − (𝑥3)2𝑑𝑥
5√32

0

= 𝜋 ∫ (32𝑥 − 𝑥6)𝑑𝑥
5√32

0

 

= 𝜋 [16𝑥2 −
𝑥2

7
]
0

5√32

= 𝜋 [(16(5√32)
2
−

(5√32)
2

7
) − (0)] 
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= 𝜋 (64 −
128

7
) = 𝜋 (

448 − 128

7
) =

320𝜋

7
 𝑐𝑢𝑏𝑖𝑐 𝑢𝑛𝑖𝑡𝑠 

(d) 𝐿𝑒𝑡 𝑓(𝑥) = (𝑥 + 1)𝑠𝑖𝑛−1(𝑥); 𝑓(0) = 0 

𝑓′(𝑥) = (𝑥 + 1)
1

√𝑥 + 1
+ 𝑠𝑖𝑛−1(𝑥); 𝑓′(0) = 1 

𝑓′′(𝑥) =
√1 − 𝑥2 − (1 + 𝑥) [−𝑥(1 − 𝑥2)

−1
2 ]

1 − 𝑥2
;  𝑓′′(0) = 1 

𝑓(𝑥) = 𝑓(0) + 𝑥
𝑓′(0)

1!
+ 𝑥2

𝑓′′(0)

2!
+ ⋯ 

(𝑥 + 1)𝑠𝑖𝑛−1(𝑥) = 0 + 𝑥(1) +
𝑥2(1)

2
+ ⋯ 

(𝑥 + 1)𝑠𝑖𝑛−1(𝑥) = 𝑥 +
𝑥2

2
+ ⋯ 

13(a) 
𝑥2

𝑑𝑦

𝑑𝑥
= 𝑥2 + 𝑥𝑦 + 𝑦2 

𝑥2
𝑑𝑦

𝑑𝑥
= 𝑥2 + 𝑥𝑦 + 𝑦2;        𝑦 = 𝑢𝑥;        

𝑑𝑦

𝑑𝑥
= 𝑢 + 𝑥

𝑑𝑢

𝑑𝑥
 

𝑥2 (𝑢 + 𝑥
𝑑𝑢

𝑑𝑥
) = 𝑥2 + 𝑢𝑥2 + 𝑢2𝑥2 

𝑢𝑥2 + 𝑥3
𝑑𝑢

𝑑𝑥
= (1 + 𝑢 + 𝑢2)𝑥2 

𝑢 + 𝑥
𝑑𝑢

𝑑𝑥
= 1 + 𝑢 + 𝑢2 

𝑥
𝑑𝑢

𝑑𝑥
= 1 + 𝑢2 

∫
𝑑𝑢

1 + 𝑢2
= ∫

1

𝑥
𝑑𝑥 

𝑡𝑎𝑛−1𝑢 = 𝑙𝑛𝑥 + 𝑐 

𝑡𝑎𝑛−1 (
𝑦

𝑥
) = 𝑙𝑛𝑥 + 𝑐 

(b) 𝑑𝑦

𝑑𝑥
= 𝑒−2𝑦 
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𝑑𝑦

𝑒−2𝑦
= 𝑑𝑥 

𝑒2𝑦𝑑𝑦 = 𝑑𝑥 

∫𝑒2𝑦𝑑𝑦 =∫𝑑𝑥 

𝑒2𝑦

2
= 𝑥 + 𝑐;   𝑦 = 0, 𝑥 = 5 

𝑒2(0)

2
= (0) + 𝑐;   𝑐 =

1

2
− 5 =

−9

2
 

𝑒2𝑦

2
= 𝑥 −

9

2
 

𝑥 =
𝑒2𝑦

2
+

9

2
=

𝑒2(3)

2
+

9

2
= 206.2144 

(c) 
(1 + 𝑥)

𝑑𝑦

𝑑𝑥
= 𝑥𝑦 + 𝑥𝑒𝑥 

𝑑𝑦

𝑑𝑥
− (

𝑥

1 + 𝑥
)𝑦 = 𝑥𝑒𝑥 

𝐼. 𝐹 = 𝑒∫−(
𝑥

1+𝑥
)𝑑𝑥

= 𝑒∫(−1+
𝑥

1+𝑥
)𝑑𝑥

= 𝑒[−𝑥+ln(1+𝑥)] 

= 𝑒−𝑥. 𝑒ln(1+𝑥) =
1 + 𝑥

𝑒𝑥
 

𝑑

𝑑𝑥
[𝑦 (

1 + 𝑥

𝑒𝑥
)] = (

1 + 𝑥

𝑒𝑥
) 𝑥𝑒𝑥 

∫𝑑 [𝑦 (
1 + 𝑥

𝑒𝑥
)] = ∫𝑥(1 + 𝑥)𝑑𝑥 

𝑦 (
1 + 𝑥

𝑒𝑥
) = ∫(𝑥 + 𝑥2)𝑑𝑥 

𝑦(1 + 𝑥) = 𝑒𝑥 (
𝑥2

2
+

𝑥3

3
) + 𝑐 

1 = 1(0) + 𝑐;    𝑐 = 0 

𝑦 =
𝑒𝑥[3𝑥2 + 2𝑥3]

1 + 𝑥
 

(d) 𝐿𝑒𝑡 ℎ 𝑏𝑒 𝑡ℎ𝑒 𝑑𝑒𝑝𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑝𝑒𝑛𝑖𝑛𝑔 𝑏𝑒𝑙𝑜𝑤 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑞𝑢𝑖𝑑 𝑎𝑡  
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𝑎𝑛𝑦 𝑡𝑖𝑚𝑒 𝑡. 

𝑙𝑒𝑡 ℎ𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑒𝑝𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑝𝑒𝑛𝑖𝑛𝑔 𝑏𝑒𝑙𝑜𝑤 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 

 𝑙𝑖𝑞𝑢𝑖𝑑 𝑤ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑖𝑠 𝑓𝑢𝑙𝑙 

𝑑ℎ

𝑑𝑡
∝ √ℎ 

𝑑ℎ

𝑑𝑡
= −𝑘√ℎ 

∫ℎ−
1
2𝑑ℎ = −∫𝑘𝑑𝑡 

2√ℎ = −𝑘𝑡 + 𝑐 

𝑊ℎ𝑒𝑛    𝑡 = 𝑜,   ℎ = ℎ0;  2√ℎ0 = 𝑐 

2√ℎ = −𝑘𝑡 + 2√ℎ0 

𝑊ℎ𝑒𝑛 𝑡 = 1, ℎ = ℎ0 − 20;  

2√ℎ0 − 20 = −𝑘 + 2√ℎ0 

−𝑘 = 2√ℎ0 − 20 − 2√ℎ0 

2√ℎ = 2𝑡(√ℎ0 − 20 − √ℎ0) + 2√ℎ0 

𝑊ℎ𝑒𝑛 𝑡 = 2, ℎ = ℎ0 − 20 − 19 = ℎ0 − 39 

2√ℎ0 − 39 = 4(√ℎ0 − 20 − √ℎ0) + 2√ℎ0 

√ℎ0 − 39 = 2√ℎ0 − 20 − √ℎ0 

(√ℎ0 − 39)
2

= (2√ℎ0 − 20 − √ℎ0)
2

 

ℎ0 − 39 = 4(ℎ0 − 20) − 4√(ℎ0)
2 − 20ℎ0 + ℎ0 

4√(ℎ0)
2 − 20ℎ0 = 4ℎ0 − 41 
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(4√(ℎ0)
2 − 20ℎ0)

2
= (4ℎ0 − 41)2 

 

16(ℎ0)
2 − 320ℎ0 = 16(ℎ0)

2 − 328ℎ0 + 1681 

8ℎ0 = 1681 

ℎ0 = 210.125𝑐𝑚 

14(a)(i
) 

VECTORS 

   

𝐹𝑟𝑜𝑚 𝑟 = (
2
4

−1
) + 𝜆 (

1
2
2
) 

𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑑 = (
1
2
2
) 

∴ 𝐵(2 + 𝜆, 4 + 2𝜆, −1 + 2𝜆) 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (
𝜆 − 1
4 + 2𝜆
1 + 2𝜆

) 

𝐴𝐵⃗⃗⃗⃗  ⃗. 𝑑 = 0 

(
𝜆 − 1
4 + 2𝜆
1 + 2𝜆

) . (
1
2
2
) = 0 

𝜆 − 1 + 8 + 4𝜆 + 2 + 4𝜆 = 0 

9𝜆 = −9;   𝜆 = −1 

𝐵(1,2, −3) 

(ii) 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (
−2
2

−1
) 
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|𝐴𝐵⃗⃗⃗⃗  ⃗| = √(−2)2 + 22 + (−1)2 = 3 𝑢𝑛𝑖𝑡𝑠 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛; 𝒓 = 𝒂 + 𝛼𝒅 + 𝛽𝐴𝐵⃗⃗⃗⃗  ⃗ 

𝒓 = (
3
0

−2
) + 𝛼 (

1
2
2
) + 𝛽 (

−2
2

−1
) 

(b) 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 = |𝒂 × 𝒃| 

𝒂 × 𝒃 = |
𝑖 𝒋 𝒌
1 2 −1
0 1 1

| = 𝟑𝒊 − 𝒋 + 𝒌 

|𝒂 × 𝒃| = √32 + (−1)2 + 12 = √11 = 3.3166 

∴ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 = 3.3166 𝑠𝑞 𝑢𝑛𝑖𝑡𝑠 

(c) 

 

𝐴𝐵̅̅ ̅̅ . 𝐴𝐶̅̅ ̅̅ = 0 

[(
5
2
3
) − (

3
1
1
)] . [(

2 + 2𝜆
4 − 𝜆

−2 + 𝜆
) − (

3
1
1
)] = 0 

(
2
1
1
) . (

2𝜆 − 1
3 − 𝜆

−3 + 𝜆
) = 0 

4𝜆 − 2 + 3 − 𝜆 − 6 + 2𝜆 = 0 

5𝜆 = 5;  𝜆 = 1 

𝐶[2 + 2(1), 4 − (1),−2 + (1)] 

𝐶(4,3,−1) 
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15(a) 

 

𝐹𝑟𝑜𝑚 
𝑥 − 3

5
=

3 − 𝑦

−2
=

𝑧 − 4

3
= 𝜆 

𝑤ℎ𝑒𝑟𝑒; 𝑥 = 3 + 5𝜆,   𝑦 = 3 + 2𝜆, 𝑧 = 4 + 3𝜆 

𝑓𝑟𝑜𝑚; 2𝑥 − 3𝑦 + 7𝑧 − 10 = 0 

2(3 + 5𝜆) − 3(3 + 2𝜆) + 7(4 + 3𝜆) − 10 = 0 

6 + 10𝜆 − 9 − 6𝜆 + 28 + 21𝜆 − 10 = 0 

25𝜆 = −15 

𝜆 =
−3

5
 

𝐹𝑟𝑜𝑚;  𝑥 = 3 + 5𝜆 = 3 + 5(
−3

5
) = 0 

𝑦 = 3 + 2𝜆 = 3 + 2(
−3

5
) =

9

5
 

  𝑧 = 4 + 3𝜆 = 4 + 3(
−3

5
) =

11

5
 

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (0,
9

5
,
11

5
)  

(b)(i) 

 

𝒏 = (
4
1
2
) ; 𝒅 = (

−2
𝑎
1

)  𝑎𝑛𝑑 𝑎 𝑘𝑛𝑜𝑤𝑛 𝑝𝑜𝑖𝑛𝑡 𝒂 = (
3

−1
2

)  
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𝐹𝑜𝑟 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑣𝑒𝑐𝑡𝑜𝑟𝑠; 𝒏. 𝒅 = 𝟎 

(
4
1
2
) . (

−2
𝑎
1

) = 0 

−8 + 𝑎 + 2 = 0 

𝑎 = 6 

(ii) 𝒓. 𝒏 = 𝒏. 𝒂 

(
𝑥
𝑦
𝑧
) . (

4
1
2
) = (

4
1
2
) . (

3
1

−2
) 

4𝑥 + 𝑦 + 2𝑧 = 12 + 1 − 4 

4𝑥 + 𝑦 + 2𝑧 − 9 = 0 

(c) 

 

𝑀𝑁̅̅ ̅̅ ̅ = (
4

−3
10

) − (
1 + 3𝜆
−5 + 𝜆
3 + 2𝜆

) = (
3 + 3𝜆
−5 + 𝜆
7 + 2𝜆

) 

𝐵𝑢𝑡; 𝑀𝑁̅̅ ̅̅ ̅. 𝒅 = 𝟎 

(
3 + 3𝜆
−5 + 𝜆
7 + 2𝜆

) . (
3

−1
2

) = 0 

9 + 9𝜆 + 5 − 𝜆 + 14 + 4𝜆 = 0 

12𝜆 = −28 

𝜆 =
7

3
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𝑀𝑁̅̅ ̅̅ ̅ =

(

 
 
 

3 + 3(
7

3
)

−5 + (
7

3
)

7 + 2 (
7

3
))

 
 
 

=

(

 
 

10
−8

3
35

3 )

 
 

 

|𝑀𝑁̅̅ ̅̅ ̅| = √102 + (
−8

3
)
2

+ (
35

3
)
2

= 15.5956 𝑢𝑛𝑖𝑡𝑠 

16(a) 

𝑃𝑙𝑎𝑛𝑒 , 𝐿2; 𝒓 = (
1
0
1
) + 𝜆(

2
1
5
) + 𝜇 (

1
−1
−2

) 

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛; 𝒓. 𝒏 = 𝒏. 𝒂 

𝑤ℎ𝑒𝑟𝑒 𝒓 = (
𝑥
𝑦
𝑧
) ; 𝒏 = |

𝒊 𝒋 𝒌
2 1 5
1 −1 −2

| = −3𝒊 − 𝒋 + 3𝒌;𝒂 = (
1
0
1
) 

(
𝑥
𝑦
𝑧
) . (

−3
−1
3

) = (
−3
−1
3

) . (
1
0
1
) 

3𝑥 − 𝑦 + 3𝑧 = −3 + 0 + 3 

3𝑥 − 𝑦 + 3𝑧 = 0 

(ii) 
𝜃 = 𝑐𝑜𝑠−1 |

𝑛1. 𝑛2

|𝑛1||𝑛2|
| 

𝑛1. 𝑛2 = (
3

−4
2

) . (
3

−1
3

) = 9 + 4 + 6 = 19 

|𝑛1| = √32 + (−4)2 + 22 = √29 

|𝑛2| = √32 + (−1)2 + 32 = √19 

𝜃 = 𝑐𝑜𝑠−1 [
19

√29 × √19
] = 35.960 

 (iii) 3𝑥 − 4𝑦 + 2𝑧 = 5 

3𝑥 − 𝑦 + 3𝑧 = 0 

𝑙𝑒𝑡 𝑧 = 𝜇 
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3𝑥 − 4𝑦 = 5 − 2𝜇 

  (−)  3𝑥 − 𝑦 = 3𝜇 

−3𝑦 = 5 − 5𝜇 

𝑦 =
−5

3
+

5

3
𝜇 

3𝑥 = 3𝜇 − (
5

3
) +

5𝜇

3
 

3𝑥 =
14

3
𝜇 −

5

3
 

𝑥 =
−5

9
+

14

9
𝜇 

(
𝑥
𝑦
𝑧
) =

(

 
 

−5

9
−5

3
0 )

 
 

+ 𝜇

(

 
 

14

9
5

3
1 )

 
 

 

𝒓 =

(

 
 

−5

9
−5

3
0 )

 
 

+ 𝜇

(

 
 

14

9
5

3
1 )

 
 

 

(b) 𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐿𝑀; 𝐴(3,3,3) 

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑀𝑁;𝐵(6,6,1) 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑉𝑒𝑐𝑡𝑜𝑟; 𝐴𝐵̅̅ ̅̅ = (
3
3

−2
) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒; 𝒓 = (
3
3
3
) + 𝜆(

3
3

−2
)𝑜𝑟 𝒓 = (

6
6
1
) + 𝜆 (

3
3

−2
) 
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(c) 

 

𝑃𝑙𝑎𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝐴𝐵̅̅ ̅̅  

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐵 = (
1 + 2

2
,
3 − 4

2
,
5 + 4

2
) = (

3

2
,
−1

2
,
9

2
) 

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑥(𝑥, 𝑦, 𝑧)𝑡ℎ𝑎𝑡 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑚𝑢𝑠𝑡  

𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛; 

(𝑜𝑥̅̅ ̅ − 𝑜𝑐̅̅ ̅). 𝐴𝐵̅̅ ̅̅ = 0 

[
 
 
 
 
 

(
𝑥
𝑦
𝑧
) −

(

 
 
 

3

2
−1

2
9

2 )

 
 
 

]
 
 
 
 
 

. [(
2

−4
4

) − (
1
3
5
)] = 0 

(

 
 
 

𝑥 −
3

2

𝑦 +
1

2

𝑧 −
9

2)

 
 
 

. (
1

−7
−1

) = 0 

𝑥 −
3

2
− 7𝑦 −

7

2
− 𝑧 +

9

2
= 0 

𝑥 − 7𝑦 − 𝑧 −
1

2
= 0 

2𝑥 − 14𝑦 − 2𝑧 = 1 

ALTERNATIVELY 

𝑙𝑒𝑡 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑝𝑜𝑖𝑛𝑡 𝑏𝑒 𝑋(𝑥, 𝑦, 𝑧) 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑒𝑞𝑢𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑡 

𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴 𝑎𝑛𝑑 𝐵. 
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𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐴(1,3,5)𝑎𝑛𝑑 𝑋(𝑥, 𝑦, 𝑧) 

|𝐴𝑋̅̅ ̅̅ | = √(𝑥 − 1)2 + (𝑦 − 3)2 + (𝑧 − 5)2 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐵(2,−4, 4)𝑎𝑛𝑑 𝑋(𝑥, 𝑦, 𝑧) 

|𝐵𝑋̅̅ ̅̅ | = √(𝑥 − 2)2 + (𝑦 + 4)2 + (𝑧 − 4)2 

𝑆𝑖𝑛𝑐𝑒 |𝐴𝑋̅̅ ̅̅ | = |𝐵𝑋̅̅ ̅̅ |  

√(𝑥 − 1)2 + (𝑦 − 3)2 + (𝑧 − 5)2 = √(𝑥 − 2)2 + (𝑦 + 4)2 + (𝑧 − 4)2 

𝑥2 − 2𝑥 + 1 + 𝑦2 ∓ 𝑦 + 9 + 𝑧2 − 10𝑧 + 25

= 𝑥2 − 4𝑥 + 4 + 𝑦2 + 8𝑦 + 16 + 𝑧2 − 8𝑧 + 16 

−2𝑥 − 6𝑦 − 10𝑧 + 35 = −4𝑥 + 8𝑦 − 8𝑧 + 36 

2𝑥 − 4𝑦 − 2𝑧 = 1 

17(a) 

 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝐴𝐵̅̅ ̅̅ = (
1

−2
3

) − (
5 + 2𝜆
2 + 𝜆
1 + 3𝜆

) = (
−4 − 2𝜆
−4 − 𝜆
2 − 2𝜆

) 

𝐵𝑢𝑡 𝐴𝐵̅̅ ̅̅ . 𝑑 = 0 

(
−4 − 2𝜆
−4 − 𝜆
2 − 2𝜆

) . (
2
1
3
) = 0 

−8 − 4𝜆 − 4 − 𝜆 + 6 − 6𝜆 = 0 

−11𝜆 = 6 

𝜆 =
−6

11
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𝐴𝐵̅̅ ̅̅ =

[
 
 
 
 
 −4 − 2(

−6

11
)

−4 +
−6

11

2 − 2(
−6

11
) ]

 
 
 
 
 

=

(

 
 
 

−32

11
−38

11
34

11 )

 
 
 

=
−𝜆

11
(

32
38

−34
) 

𝑟 = (
2
1
3
) −

𝜆

11
(

32
38

−34
) 

(b) 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐴(−2,0,6)𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 2𝑥 − 𝑦 + 3𝑧 = 21; 

𝑆1 =
(2(−2)) − (0) + 3(6)

√22 + 12 + 32
=

−7

√14
 

𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐵(3,−4,5)𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 2𝑥 − 𝑦 + 3𝑧 = 21; 

𝑆2 =
(2(3)) − (−4) + 3(5)

√22 + 12 + 32
=

4

√14
 

𝑆𝑖𝑛𝑐𝑒 𝑆1 𝑎𝑛𝑑 𝑆2 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑠𝑖𝑔𝑛𝑠, ℎ𝑒𝑛𝑐𝑒 𝐴 𝑎𝑛𝑑 𝐵 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑖𝑑𝑒𝑠 

 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  

(c) 

 

𝐴𝐵̅̅ ̅̅ = (
1
0
1
) − (

1
1
1
) = (

0
−1
0

) 

𝐴𝐶̅̅ ̅̅ = (
3
2

−1
) − (

1
1
1
) = (

2
1

−2
) 

𝑛 = 𝐴𝐵̅̅ ̅̅ × 𝐴𝐶̅̅ ̅̅ = |
𝑖 𝑗 𝑘
0 −1 0
2 1 −2

| = −2𝒊 − 2𝒌 

𝒓. 𝒏 = 𝒏. 𝒂 
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(
𝑥
𝑦
𝑧
) . (

−2
0
2

) = (
−2
0

−2
) . (

1
1
1
) 

−2𝑥 − 2𝑧 = −4 

∴ 𝑥 + 𝑧 = 2 

(d) 𝑙𝑒𝑡 𝑎 = 2𝑖 − 𝑗 + 𝑘 

𝑏 = 𝑖 − 3𝑗 − 5𝑘 

𝑐 = 3𝑖 − 4𝑗 − 4𝑘 

𝑊𝑒 𝑎𝑟𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑐 = 𝜆𝑎 + 𝜇𝑏 

(
3

−4
−4

) = 𝜆 (
2

−1
1

) + 𝜇 (
1

−3
−5

) 

3 = 2𝜆 + 𝜇;        2𝜆 + 𝜇 = 3…………… . (𝑖) 

−4 = −𝜆 − 3𝜇;      𝜆 + 3𝜇 = 4………… . (𝑖𝑖) 

−4 = 𝜆 − 5𝜇;     𝜆 − 5𝜇 = −4……… . . (𝑖𝑖𝑖) 

𝑆𝑜𝑙𝑣𝑒 (𝑖)𝑎𝑛𝑑 (𝑖𝑖)𝑓𝑜𝑟 𝜆 𝑎𝑛𝑑 𝜇 𝑎𝑛𝑑 𝑐ℎ𝑒𝑐𝑘 𝑤ℎ𝑒𝑡ℎ𝑒𝑟 𝑡ℎ𝑒𝑦 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑒𝑞𝑛 (𝑖𝑖𝑖) 

                2𝜆 + 𝜇 = 3 

(−2)         𝜆 + 3𝜇 = 4 

−5𝜇 = −5;     𝜇 = 1 

𝜆 = 4 − 3(1) = 1 

𝐹𝑟𝑜𝑚 𝜆 − 5𝜇 = −4 

𝐿𝐻𝑆 = 𝜆 − 5𝜇 = 1 − 5(1) = −4 

𝑅𝐻𝑆 = −4 

𝑆𝑖𝑛𝑐𝑒 𝜆 = 1, 𝜇 = 1 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑒𝑞𝑛(𝑖𝑖𝑖)𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎, 𝑏, 𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 

(e) 
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 𝑂𝑅̅̅ ̅̅ = 𝑂𝐴̅̅ ̅̅ + 𝐴𝑅̅̅ ̅̅  

𝒓 = 𝒂 +
𝜆

𝜆 + 𝜇
𝐴𝐵̅̅ ̅̅  

𝒓 = 𝒂 +
𝜆

𝜆 + 𝜇
(𝑂𝐵̅̅ ̅̅ − 𝑂𝐴̅̅ ̅̅ ) 

𝒓 = 𝒂 +
𝜆

𝜆 + 𝜇
𝑂𝐵̅̅ ̅̅ −

𝜆

𝜆 + 𝜇
𝑂𝐴̅̅ ̅̅  

𝒓 = 𝒂 +
𝜆

𝜆 + 𝜇
𝒃 −

𝜆

𝜆 + 𝜇
𝒂 

𝒓 = (1 −
𝜆

𝜆 + 𝜇
)𝒂 +

𝜆

𝜆 + 𝜇
𝒃 

𝒓 = (
𝜆 + 𝜇 − 𝜆

𝜆 + 𝜇
)𝒂 +

𝜆

𝜆 + 𝜇
𝒃 

𝒓 = (
𝜇

𝜆 + 𝜇
)𝒂 +

𝜆

𝜆 + 𝜇
𝒃 

𝒓 = (
2

1 + 2
)(

4
−3
5

) + (
1

1 + 2
)(

1
0
2
) 

𝒓 = (
2

3
)(

4
−3
5

) + (
1

3
)(

1
0
2
) 

𝒓 = (
1

3
) [(

8
−6
10

) + (
1
0
2
)] 

𝒓 = (
1

3
) [(

9
−6
12

)] 

𝒓 = (
3

−2
4

) 

∴ 𝑇ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡 𝑅 𝑖𝑠 𝒓 = (
3

−2
4

) 

18(a) COORDINATE GEOMETRY 
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𝑥 − 3𝑦 − 4 = 0…………… . (𝑖) 

𝑦 + 3𝑥 − 2 = 0…………… . (𝑖𝑖) 

                                                 Solving (i) and (ii) simultaneously; 

3(𝑖𝑖) + (𝑖) 

10𝑥 = 10 

𝑥 = 1 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛𝑡𝑜 (𝑖𝑖) 

3(1) + 𝑦 = 2,   𝑦 = −1 

𝑃𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 (1, −1) 

𝐹𝑟𝑜𝑚 4𝑦 + 3𝑥 = 0; 𝑦 =
−3

4
𝑥;     𝑚1 =

−3

4
,   𝑚2 =

4

3
 

𝐹𝑟𝑜𝑚 𝑦 = 𝑚𝑥 + 𝑐;  (−1) = (
4

3
) (1) + 𝑐;     𝑐 =

−7

3
 

𝑦 =
4

3
𝑥 −

7

3
 

(b)  

 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑃 𝑡𝑜 𝐴 

𝑑 = |𝐴𝑃̅̅ ̅̅ | = √(𝑥 − 3)2 + (𝑦 − 0)2 

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑃 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 

𝐷 = |
1(𝑥) + 0(𝑦) + 3

√12 + 02
| =

𝑥 + 3

1
= 𝑥 + 3 

𝑆𝑖𝑛𝑐𝑒 𝑑 = 𝐷; 𝑎𝑙𝑠𝑜 𝑑2 = 𝐷2 

(𝑥 − 3)2 + (𝑦 − 0)2 = (𝑥 + 3)2 

𝑥2 − 6𝑥 + 9 + 𝑦2 = 𝑥2 + 6𝑥 + 9 

𝑦2 = 12𝑥 

𝐼𝑠 𝑎 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑤𝑖𝑡ℎ 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑡 (0,0) 𝑓𝑜𝑐𝑢𝑠 𝑎𝑡 (3,0)𝑎𝑛𝑑 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥 𝑥 = −3 
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(c) 
𝑑 =

|𝐶2 − 𝐶1|

√𝑎2 + 𝑏2
 

𝑊ℎ𝑒𝑟𝑒 𝑎 = 3, 𝑏 = 4, 𝐶1 = 10, 𝐶2 = −15   

𝑑 =
|−15 − 10|

√32 + 42
=

25

√25
=

25

5
= 5 𝑢𝑛𝑖𝑡𝑠 

(d) 

 

𝐴𝑡 𝑝𝑜𝑖𝑛𝑡 𝐴; 

4𝑦 + 3𝑥 = 7……………… . (𝑖) 

2𝑦 − 𝑥 = 1……………… . (𝑖𝑖) 

𝐸𝑞𝑛(𝑖) + 𝐸𝑞𝑛(𝑖𝑖) 

10𝑦 = 10; 𝑦 = 1 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑦 𝑖𝑛𝑡𝑜 𝐸𝑞𝑛(𝑖𝑖) 

𝑥 = 2 − 1 = 1 

𝐻𝑒𝑛𝑐𝑒 𝐴(1,1) 

𝐴𝑡 𝑃𝑜𝑖𝑛𝑡 𝐵; 

𝑦 + 2𝑥 = 8……… . (𝑖𝑖𝑖) 

2𝑦 − 𝑥 = 1………(𝑖𝑣) 

𝐸𝑞𝑛(𝑖𝑖𝑖) + 𝐸𝑞𝑛(𝑖𝑣) 

5𝑦 = 10; 𝑦 = 2 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑦 𝑖𝑛𝑡𝑜 𝐸𝑞𝑛 (𝑖𝑣) 

𝑥 = 4 − 1 = 3 

𝐻𝑒𝑛𝑐𝑒 𝐵(3,2) 

𝐴𝑡 𝑝𝑜𝑖𝑛𝑡 𝐶: 
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𝑦 + 2𝑥 = 8……… . (𝑣) 

4𝑦 + 3𝑥 = 7………(𝑣𝑖) 

3𝐸𝑞𝑛(𝑣) − 2𝐸𝑞𝑛(𝑣𝑖) 

−5𝑦 = 10; 𝑦 = −2 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑦 𝑖𝑛𝑡𝑜 𝐸𝑞𝑛 (𝑣) 

2𝑥 = 8 + 2 = 10; 𝑥 = 5 

𝐻𝑒𝑛𝑐𝑒 𝐶(5,−2) 

𝐹𝑖𝑛𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑠; 

𝐴𝐶̅̅ ̅̅ = √(5 − 1)2 + (−2 − 1)2 = 5 

𝐴𝐵̅̅ ̅̅ = √(3 − 1)2 + (2 − 1)2 = √5 

𝐴𝐶̅̅ ̅̅ = √(5 − 3)2 + (−2 − 2)2 = √20 = 2√5 

𝐹𝑖𝑛𝑑𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒 𝐴𝐵𝐶; 

𝐹𝑟𝑜𝑚 4𝑦 + 3𝑥 = 7 

𝑦 = −
3

4
𝑥 +

7

3
; 𝑚1 =

−3

4
 

𝐹𝑟𝑜𝑚 2𝑦 − 𝑥 = 1 

𝑦 =
1

2
𝑥 +

1

2
; 𝑚2 =

1

2
 

𝐴𝑛𝑔𝑙𝑒 𝐴𝐵𝐶 = 𝑡𝑎𝑛−1 (

1
2

−
−3
4

1 + (
1
2

.
−3
4 )

) = 63.450 

𝐴𝑟𝑒𝑎 𝑜𝑓 𝐴𝐵𝐶 =
1

2
𝐴𝐵̅̅ ̅̅ . 𝐴𝐶̅̅ ̅̅ 𝑠𝑖𝑛𝜃 =

1

2
(√5. )(5). 𝑠𝑖𝑛63.450 = 5𝑠𝑞 𝑢𝑛𝑖𝑡𝑠 

19(a) 
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𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐵 = (
1 + 7

2
,
−2 + 6

2
) = (4,2) 

𝐺𝑟𝑎𝑑 𝐴𝐵 =
6 − −2

7 + 1
=

8

8
= 1 

𝐺𝑟𝑎𝑑 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐴𝐵 = −1 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝐴𝐵; −1 =
𝑦 − 2

𝑥 − 4
 

𝑦 − 2 = −𝑥 + 4 

∴ 𝑦 = −𝑥 + 6 

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐵𝐶 = (
7 + 9

2
,
6 + 2

2
) = (8,4) 

𝐺𝑟𝑎𝑑 𝐵𝐶 =
6 − 2

7 − 9
=

4

−2
= −2 

𝐺𝑟𝑎𝑑 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝐵𝐶 =
1

2
 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝐵𝐶; 
1

2
=

𝑦 − 4

𝑥 − 8
 

2𝑦 − 8 = 𝑥 − 8 

2𝑦 − 𝑥 = 0 

(ii) 𝑦 = −𝑥 + 6………(𝑖) 

𝑥 = 2𝑦 ……… . . (𝑖𝑖) 

𝑦 = −(2𝑦) + 6 

3𝑦 = 6; 𝑦 = 2 

𝑥 = 2(2) = 4 

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 ( 𝑐𝑖𝑟𝑐𝑢𝑚𝑐𝑒𝑛𝑡𝑟𝑒) = (4,2)  

(iii) 𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑚𝑐𝑒𝑛𝑡𝑟𝑒  

𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒. 𝐴𝑛𝑑 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑚𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒  

𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒. 

𝑔 = 4; 𝑓 = 2 

𝑈𝑠𝑖𝑛𝑔 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0;    
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𝑟 = √𝑔2 + 𝑓2 − 𝑐 

𝐵𝑢𝑡 𝑟 = √(7 − 4)2 + (6 − 2)2 = √9 + 16 = 5 𝑢𝑛𝑖𝑡𝑠 

5 = √42 + 22 − 𝑐 

25 = 16 + 4 − 𝑐; 𝑐 = −5 

𝑥2 + 𝑦2 + 8𝑥 + 4𝑦 − 5 = 0 

(b) 𝑇ℎ𝑒 𝑡𝑤𝑜 𝑐𝑖𝑐𝑙𝑒𝑠 𝑎𝑟𝑒 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑤ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑠 𝑎𝑡 𝑡ℎ𝑒𝑖𝑟 𝑝𝑜𝑖𝑛𝑡𝑠 

𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 𝑎𝑡 900 

 

𝑥2 + 𝑦2 − 2𝑎𝑥 + 𝑐2 = 0 

𝑥2 − 2𝑎𝑥 + 𝑦2 = −𝑐2 

(𝑥 − 𝑎)2 + (𝑦 − 0)2 = −𝑐2 + 𝑎2 

𝐶𝑒𝑛𝑡𝑟𝑒(𝑎, 0), 𝑟2 = −𝑐2 + 𝑎2, 𝑜𝑟  𝒓𝟐 = 𝒂𝟐 − 𝒄𝟐 

𝐹𝑜𝑟 , 𝑥2 + 𝑦2 − 2𝑏𝑦 − 𝑐2 = 0 

𝑥2 + 𝑦2 − 2𝑏𝑦 = 𝑐2 

(𝑥 − 0)2 + (𝑦 − 𝑏)2 − 2𝑏𝑦 = 𝑐2 + 𝑏2 

𝐶𝑒𝑛𝑡𝑟𝑒 (0, 𝑏), 𝑹𝟐 = 𝒄𝟐 + 𝒃𝟐 

𝐵𝑢𝑡 𝑑2 = (𝑎 − 0)2 + (0 − 𝑏)2 = 𝑎2 + 𝑏2 

𝐹𝑜𝑟 𝑜𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑐𝑖𝑟𝑐𝑙𝑒𝑠, 𝑑2 = 𝑟2 + 𝑅2 

𝑑2 = 𝑎2 + 𝑏2 = (𝑎2 − 𝑐2) + (𝑐2 + 𝑏2) 

𝑎2 + 𝑏2 = 𝑎2 + 𝑏2 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒𝑠 𝑥2 + 𝑦2 − 2𝑎𝑥 + 𝑐2 = 0 𝑎𝑛𝑑 𝑥2 + 𝑦2 − 2𝑏𝑦 − 𝑐2 = 0   

𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙.  
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(C) 

 

𝐹𝑟𝑜𝑚 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 + 6 = 0 

2𝑔 = −4; 𝑔 = −2 

2𝑓 = −6; 𝑓 = −3 

𝑐 = 9 

𝐶𝑒𝑛𝑡𝑟𝑒(2,3) 

𝑑1 = √(5 − 2)2 + (7 − 3)2 = √9 + 16 = 5 𝑢𝑛𝑖𝑡𝑠 

𝑟 = √𝑔2 + 𝑓2 − 𝑐 = √22 + 32 − 9 = √4 + 9 − 9 = 2𝑢𝑛𝑖𝑡𝑠 

𝐷 = √𝑑1
2 − 𝑟2 = √52 − 22 = √25 − 4 = √21 = 4.5826 𝑢𝑛𝑖𝑡𝑠 

20(a) 𝑦2 − 2𝑦 − 8𝑥 − 17 = 0 

𝑦2 − 2𝑦 = 8𝑥 + 17 

(𝑦 − 1)2 − 12 = 8𝑥 + 17 

(𝑦 − 1)2 = 8𝑥 + 18 

(𝑦 − 1)2 = 8(𝑥 +
9

4
)  𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ (𝑦 − 𝑘)2 = 4𝑎(𝑥 − ℎ) 

𝑘 = 1, ℎ = −
9

4
 

𝑉𝑒𝑟𝑡𝑒𝑥 (−
9

4
, 1) 

𝐹𝑜𝑐𝑢𝑠; 4𝑎 = 8; 𝑎 = 2, 𝐹 [(
−9

4
+ 2, 1)] ; 𝐹 (

−1

4
, 1) 

𝐷𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥; 𝑥 =
−9

4
− 2 =

−25

4
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(b) 

 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡𝑜𝑓 𝑡ℎ𝑒 𝑐ℎ𝑜𝑟𝑑 =
0 − 2𝑎𝑝

𝑎 − 𝑎𝑝2
=

2𝑎𝑝 − 2𝑎𝑞

𝑎𝑝2 − 𝑎𝑞2
 

−2𝑝

1 − 𝑝2
=

2

𝑝 + 𝑞
 

−2𝑝2 − 2𝑝𝑞 = 2 − 2𝑝2 

−2𝑝𝑞 = 2; 𝑝𝑞 = −1 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡𝑃 =
1

𝑝
; 
𝑦 − 2𝑎𝑝

𝑥 − 𝑎𝑝2
=

1

𝑝
 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑃𝑖𝑠 𝑝𝑦 − 𝑥 − 𝑎𝑝2 = 0  

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑄𝑖𝑠 𝑞𝑦 − 𝑥 − 𝑎𝑞2 = 0  

𝐴𝑡 𝑇, 𝑝𝑦 − 𝑥 − 𝑎𝑝2 =  𝑞𝑦 − 𝑥 − 𝑎𝑞2 

𝑦 = 𝑎(𝑝 + 𝑞) 

𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑓𝑜𝑟 𝑦 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑃 
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𝑝[𝑎(𝑝 + 𝑞)] − 𝑎𝑝2 = 𝑥 

𝑥 = 𝑎𝑝𝑞; 𝑏𝑢𝑡 𝑝𝑞 = −1; 𝑥 = −𝑎 

∴ 𝑇(−𝑎, 𝑎(𝑝 + 𝑞)) 

(c) 

 

𝑦2 = 8𝑥 …… . (𝑖) 

4𝑎 = 8; 𝑎 = 2; 𝑆(2,0) 

𝐿𝑒𝑡 𝑄(𝑥, 𝑦) 𝑏𝑒 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑒𝑛𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑐𝑎𝑙 𝑐ℎ𝑜𝑟𝑑 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑖𝑛 ; 𝑦1
2 = 8𝑥1;  𝑥1 =

𝑦1
2

8
 

∴ 𝑄 (
𝑦1

2

8
, 𝑦1) 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑆𝑃̅̅̅̅ =
0 − 2

2 −
1
2

=
−4

3
 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑠𝑄̅̅̅̅ =
𝑦1 − 0

𝑦1
2

8
− 2

=
𝑦1

𝑦1
2

8
− 2

 

 
𝑦1

𝑦1
2

8
− 2

=
−4

3
 

3𝑦1 =
𝑦1

2

8
+ 8 

6𝑦1 = −𝑦1
2 + 16 

𝑦1
2 + 6𝑦1 − 16 = 0 

(𝑦1 − 2)(𝑦1 + 8) = 0 

𝑦1 = 2; 𝑦1 = −8 
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𝑦1 = 2; 𝑥1 =
22

8
=

1

2
;   𝑃 (

1

2
, 2) 

𝑦1 = −8; 𝑥1 =
(−8)2

8
= 8;    𝑃(8,−8) 

(d) 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒; 𝑦 = 𝑚𝑐 + 𝑐 ………(𝑖) 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎; 𝑦2 = 4𝑎𝑥 ………(𝑖𝑖) 

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑡𝑤𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑠𝑖𝑚𝑢𝑙𝑡𝑒𝑛𝑒𝑜𝑢𝑠𝑙𝑦, 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑓𝑜𝑟 𝑦 𝑖𝑛𝑡𝑜 𝑒𝑞𝑛(𝑖𝑖); 

(𝑚𝑐 + 𝑐)2 = 4𝑎𝑥 

𝑚2𝑥2 + 2𝑚𝑥 + 𝑐2 = 4𝑎𝑥 

𝑚2𝑥2 + (2𝑚 − 4𝑎)𝑥 + 𝑐2 = 0 

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑤ℎ𝑒𝑛 𝑏2 = 4𝑎𝑐 

4(𝑚𝑐 − 2𝑎)2 = 4𝑚2𝑐2 

𝑚2𝑐2 − 4𝑎𝑚𝑐 + 4𝑎2 = 𝑚2𝑐2 

𝑚𝑐 = 𝑎;   𝑚 =
𝑎

𝑐
 

21(a) 
𝐹𝑟𝑜𝑚 𝑥 = 1 + 4𝑐𝑜𝑠𝜃; 𝑐𝑜𝑠𝜃 =

𝑥 − 1

4
 

𝐹𝑟𝑜𝑚 𝑦 = 2 + 3𝑠𝑖𝑛𝜃; 𝑠𝑖𝑛𝜃 =
𝑦 − 2

3
 

(
𝑥 − 1

4
)
2

+ (
𝑦 − 2

3
)

2

= 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 

(
𝑥 − 1

4
)
2

+ (
𝑦 − 2

3
)
2

= 1 

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑛 𝑒𝑙𝑙𝑖𝑝𝑠𝑒.  

𝑇ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑖𝑠 𝑎𝑡 (1,2)  

𝐴𝑛𝑑 𝑡ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ𝑠 𝑜𝑓 𝑠𝑒𝑚𝑖 − 𝑎𝑥𝑒𝑠 𝑎𝑟𝑒 𝑎 = 4 𝑎𝑛𝑑 𝑏 = 3 

(b) 
𝐹𝑟𝑜𝑚; 

𝑥2

25
+

𝑦2

16
= 1 

2𝑥

25
+

2𝑦

16

𝑑𝑦

𝑑𝑥
= 0 
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𝑑𝑦

𝑑𝑥
=

−16𝑥

25 𝑦
 

𝐴𝑡𝑃(5𝑐𝑜𝑠𝜃, 4𝑠𝑖𝑛𝜃); 
𝑑𝑦

𝑑𝑥
=

−16(5𝑐𝑜𝑠𝜃)

25 (4𝑠𝑖𝑛𝜃)
=

−4𝑐𝑜𝑠𝜃

5𝑠𝑖𝑛𝜃
 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑡 (5𝑐𝑜𝑠𝜃, 4𝑠𝑖𝑛𝜃) 𝑖𝑠 
5𝑠𝑖𝑛𝜃

4𝑐𝑜𝑠𝜃
 

𝑦 − 4𝑠𝑖𝑛𝜃

𝑥 − 5𝑐𝑜𝑠𝜃
=

5𝑠𝑖𝑛𝜃

4𝑐𝑜𝑠𝜃
 

4𝑦𝑐𝑜𝑠𝜃 − 16𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 5𝑥𝑠𝑖𝑛𝜃 − 25𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃  

4𝑦𝑐𝑜𝑠𝜃 = 5𝑥𝑠𝑖𝑛𝜃 − 9𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃  

𝐴𝑡 𝐴; 𝑦 = 0; 0 = 5𝑥𝑠𝑖𝑛𝜃 − 9𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃  

𝑥 =
9

5
𝑐𝑜𝑠𝜃;      𝐴 (

9

5
𝑐𝑜𝑠𝜃, 0) 

𝐴𝑡 𝐵; 𝑥 = 0 

4𝑦𝑐𝑜𝑠𝜃 = −9𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ;   𝑦 =
−9

4
𝑠𝑖𝑛𝜃;   𝐵 (0,

−9

4
𝑠𝑖𝑛𝜃 ) 

𝑀𝑖𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝐴𝐵 𝑖𝑠 𝐵 (
9

10
𝑐𝑜𝑠𝜃,

−9

  8  
𝑠𝑖𝑛𝜃  )  

(c)(i) 
𝐹𝑟𝑜𝑚 𝑥 = 2𝑡;  

𝑑𝑥

𝑑𝑡
= 2 

𝐹𝑟𝑜𝑚 𝑦 =
2

𝑡
; 
𝑑𝑦

𝑑𝑡
= −

2

𝑡2
 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
= −

2

𝑡2
.
1

2
=

−1

𝑡2
 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 =
𝑦 −

2
𝑡

𝑥 − 2𝑡
 

𝐵𝑢𝑡 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 = −
1

𝑡2
 

𝑦 −
2
𝑡

𝑥 − 2𝑡
= −

1

𝑡2
 

𝑡2 (𝑦 −
2

𝑡
) = −(𝑥 − 2𝑡) 
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𝑡2𝑦 + 𝑥 − 4𝑡 = 0 

(ii) 𝑡2𝑦 + 𝑥 − 4𝑡 = 0 

𝑦 = −
1

𝑡2
𝑥 +

4

𝑡
; 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 = −

1

𝑡2
 

𝐹𝑜𝑟 𝑦 + 4𝑥 = 0; 𝑦 = −4𝑥; 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 = −4 

𝐵𝑢𝑡 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑙𝑖𝑛𝑒𝑠 ℎ𝑎𝑣𝑒 𝑒𝑞𝑢𝑎𝑙 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡;  

−
1

𝑡2
= −4; 𝑡2 =

1

4
 𝑎𝑛𝑑 𝑡 = ±

1

2
 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑡=12 

𝑦 = −
1

(
1
2)

2 𝑥 +
4

(
1
2)

; 𝑦 = −4𝑥 + 8 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑡 =
1

2
 

𝑦 = −
1

(
−1
2 )

2 𝑥 +
4

(−
1
2)

; 𝑦 = −4𝑥 − 8 

(iii) 
𝐵𝑦 𝑡ℎ𝑒 𝑛𝑎𝑡𝑢𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (2𝑡,

2

𝑡
),  

𝑡ℎ𝑖𝑠 𝑖𝑠 𝑎 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑢𝑙𝑎𝑟 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎  

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 𝑡 = ±
1

2
, 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑏𝑒𝑐𝑜𝑚𝑒 (1,4) 𝑎𝑛𝑑 (−1,−4) 

 

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑠 = 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒𝑚  

𝑈𝑠𝑖𝑛𝑔 𝑑 = |
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

√𝑎2 + 𝑏2
| 
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𝑈𝑠𝑖𝑛𝑔 𝑦 = −4𝑥 + 8; 𝑦 + 4𝑥 − 8 = 0; 𝑎 = 4, 𝑏 = 1, 𝑐 = −8 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑓𝑜𝑟 (𝑥, 𝑦) = (−1,−4) 

𝑑 = |
4(−1) + 1(−4) − 8

√12 + 42
| =

16

√17
= 3.8806 𝑢𝑛𝑖𝑡𝑠 
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