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QUADRATIC EQUATIONS
AmY equation of the form ax? + bx + ¢ = 0 is called a quadratic equation and the values of x,
wh%h satisfy the equation, are called roots.

Sgégjon of a quadratic equation that factorizes

Example
. Firig the roots of the equation x> —5x+6 =10
Solution

x?2x—3x+6=0
x(#@—2)-3(x—2)=0
(xgz)(x—3)=0 Eitherx —2=0,x=2 orx—3=0,x=3

8 Solution of a quadratic equation that does not factorijze
By?bmpleting the square
Thg?-method uses the expansion (x + b)? = x% + 2bx + b2, Itis important to note that the last
terER b2, is the square of half the coefficient of x, (2b).

=
ExShples
1.§ind the roots of the equation 2x2 —5x +1 =0

So@'on
Di\f_FDding through by 2 gives;

5 1
—_—x ==
&-5x+z=0
3 25 __1
o X" —5x >
@dding the square of half the coefficient of x to both sides of the equation;

2_8 (52__1 (5)2
x 2x+ 4) - 2+4

sx= 2281 Orx= 0219

Solve 2x2 —6x +4 =0

Solution

2x2—6x+4=0

x2—-3x+2=0

x%=3x=-2

Adding the square of half the coefficient of x to each side of the equation
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X — % = i%
X = % x=20rx=1

Solvex?2+3x—1=0

Solution

¥ +3x=1

Adding the square of half the coefficient of x to each side of the equation gives;

2 2
2 3\ 2 3
430+ () =1+ (3
(x+3)?2=2
3 Viz o V13-3 —V13-3
x+5=i7glvmgx= > orx=—
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x =030 or —3.30

Nog: The method of completing the square, used to solve ax? + bx + ¢ = 0 can also be used to
finp_gﬁhe maximum of minimum value of the expression ax? + bx + c.

Fosexample, consider the expression x? + 3x + 4

S eseram st (- v
I
Nog (x + %)2 cannot be negative for any value of x, i.e. (x + ;)2 >0

Thf@ x? + 3x + 4 is always positive and will have a minimum value ofi when x +% = 0,ie when
03
X33

Exalhple
Fi%the maximum value of 5 — 2x — 4x?

Solftion
LéBs first rewrite 5 — 2x — 4x%2 = —4x2 —2x + 5

= —4(x2 +%x)+5

=—4(x2+%x+%)+%+5

SRERE

ey
Now(x+i)2 =0

. 21 1
Thus 5 — 2x — 4x2 has a maximum value OfT whenx = — "
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GENERAL

Ford quadratic equation ax? + bx + ¢ = 0, the roots can be obtained from the formula;
3 X = —-b+Vb2-4ac

E 2a
Exgple
Solv&x2+3x—-1=0
SoluyFon

Co

)

ring with the general equation ax? +bx+c=0a=1b=3,c=-1
Substituting in the formula
X = —b+Vb2—4ac

2a
_ —31V3T—4xi-1

~x=0.30,x =-3.30

ROOTS OF QUADRATIC EQUATIONS
equation ax? + bx + ¢ = 0 has roots @ and f, then its equivalent equation will be;

—a)(x—B)=0 ,asit gives x=a orx=p
2—ﬂx—ax+a,8=x2+§x+§
C

Ift

} QUSHIMBU) 1!SL/\ W02°auljuoo

2—(a+ﬂ)x+aﬁ=x2+§x+;

Ry comparing the coef ficients on both sides, we obtain

5 a+ﬁ:—§ and aﬂ:%

H&ce the equation ax? + bx + ¢ = 0 can be written in the form;
%2 — (Sum of roots)x + (product of roots) =0

>
Exgmple
1. Write down the sum and product of the roots of the following equations;
(i)ExZ—Zx—7:0 (i) 5x* +11x+3=0 (i) 2x*+x—7=0
Solltion
(irg x%- %x —g = 0 ;sum of roots =— (— é) = % and product of roots= —g
(7]
(i  x%+ Lx+i=0 ; sum of roots =—2 and product of roots = 2
5 5 5 5 5

(i x?+ %x - % = 0; sum of roots :% and product of roots = —%
o

=
= . 3 1
2.®ind the equation whose roots are 3 and — 3
(Solution ) .

um of roots = > + -1 =1 andproductofroots == x (=) = =2

= p

O 4 2 4 4 2 8
2

T@pquation isin the form  x* — (Sum of roots)x + (product of roots) =0
2 _ (1 il
x (4) Xt ( 8 ) =0

8x?—-2x—-3=0
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3.®ind the equations whose roots are i and —i

—h

= .

CJSolutlon ) e

3SSumofroots =4 —— =+ 1 =-22_1

= 3 4 3 4 12 12
1 1 1

Productofroots ==X —> = — =

= 3 4 12

Tl;é equation is in the form  x? — (Sum of roots)x + (product of roots) =0

3 2 _
S e (D)=
o 12x2—x—-1=0
@)
=]
4. gie roots of the equation 3x? + 4x — 5 = 0 are a and B, find the values of;
1,1 n g2 g2
Q) a+ﬁ (iDa*+p
% Solution
4 5
S.OH—B___ aﬁ——g
o 1,1 a+f_ =~ 4 3_4
B TPt =TT
@) From (a+B)? = (a + p)(a+p) = a? + 2af + B2
= a?+p? =(a+p)?*—2ap
D 2
o =(22) — (=2
7 &) -26)
— _16_,10_16+30 1
(_Dh T 9 37 9 T 7o
O

5.§he roots of the equatlon 2x2 —7x + 4 =0 are a and B.Find the equation

Owhose roots are 3 and =

=)

olution

>From the given equation, sum of roots, a + f§ = Z and product of roots aff = 2

p_arep? _arprozap _ (-4 (D)4 3
-d:or the new rOOtS sum — ﬁ + 2B B > = > = 3

=1

mrm

Product of new roots, E X
The equation is given by x? — (Sum of roots)x + (product of roots) = 0
2 _ 33 —
Xt —gxt 1=0
8x2—-33x+8=0

10 pue sy3dVv

6.1nd the values of k if the roots of the equation 3x% + 5x — k =0 differ by 2
—Solution

&.et onerootbe a, then the other will be a + 2

5 5
gSumofrootsa-i-a-i-Z:—;, 20{-—;—2 = a——%

= k 2 Kk TS
gProduct ofroots a(a +2) = -3 '+ 2a = =3 e

SSubstituting for « in equation *xx gives;

() +2(3)=-4
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7.3 one of the roots of the equation 27x% + bx + 8 = 0 is the square of the other, find b.

4

olution
@t one root be a, then the other will be a?, then;
Sum ofroots a + a? = —2% cee e () and product of roots a X a? = % RURTRNN ¢15)|
@)
3
g ad = (%) hence o :% Which we substitute in equation (i) to find b;
= 2
= (Z) -2
D 3 + 3 27
Q 2,4 __5b
© 3T5T 7%
3 L__ b p= 30
< 9 27
2}
=

- The discriminant
T% value of the expression (b? — 4ac) will determine the nature of the roots of the quadratic
eogation ax? + bx + ¢ = 0 and it is called discriminant i.e. it discriminates between the roots of
th@®equation.
Fap;
(i)@vo real roots, b? —4ac >0
(ii)bﬁepeated or equal roots b? — 4ac = 0
(iii) No real roots, b% — 4ac < 0
3
o
Ex%@ple
Givgy1 that the equation
(58> 1)x? — 8ax + 3a = 0 has equal roots , find the possible values of a
Sg&ation
Wegidentify a, b and c from the above equation and then apply the condition for equal roots
a %Sa +1) ,b=—8a andc =3a
Fqrequal roots,  b? — 4ac=0
N(-8a)? — 4(5a + 1)(3a)=0
@ 64a?—12a(5a+1) =0
64a®> — 60a> —12a =0
4a? —12a =0
4a(a—3)=0
Either4a=0 or a—3=0 +~a=0o0ra=3

Trial questions
State (i) the sum (ii) the product of the roots of each of the following equations

(@x?+9%x+4=0 (b)x?—=7x+2=0 ()2x>—=7x+1=0 (d)3x*?+10x—2=0
[Ans:a) -9, 4 (b) 2,-5 (c) 7/2, 1/2 (d) -10/3,-2/3]
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In each part of this question, you are given the sum and product of the roots of a quadratic.
Find the quadratic equation in the form ax? + bx + ¢ =0

a b c D e f g
sum -3 6 7 -2/3 |-5/2 |-3/4 |[-1/4
Product | -1 -4 5 |-7/3 |-2 -5 -1/3

[Ans:(a)x? +3x—1=0 (b)x> —6x—4=0(c)x*—7x—5=0 (d)3x>+2x—7=0
(e)x?+5x—4=0(f)2x>+3x—10=0 (g) 12x> +3x—4=10]

If @, B are the roots of the equation 3x? — x — 1 = 0,form the equations whose roots are;

o) 2a2p (i) a%B% (i) % (ia+1,8+1

Waw MMM WOoJ) papeo|tL

> ns:()3x2—2x—4=0 (i)9x? —7x+1=0(@i)x>*+x—3=0(v)3x2—7x+3=0]
g One of the roots of the equation ax? + bx + ¢ = 0 is three times the other .Show that

Q 3b* - 16ac =0

3. Iftheroots of the equation 2x? —7x + 1 =0 are a and f.find the quadratic equation

< whoseroots areO£—12 and % [Ans: x*+45x+4=0 ]

%‘. Given that @ and B are the roots of the quadratic equation 3x?> —x — 5 = 0. Form the
% equation whose roots are 2a —% and 2f3 —% [Ans:15x2 — 13x — 169 =0 ]

<. One root of the equation 2x? — x + ¢ = 0 is twice the other .Find the value of ¢ [Ans:c:é]
%. Find the value of k for which the equation 4(x — 1)(x — 2) = k has roots which differ by 2
2. [Ansk=3]

(_Qh. If the roots of the equation x? + px +7 = 0 are a and B. Find the possible values of p
QAns: p=16]

). Find the quadratic equation, which has the difference of its roots equal to 2 and the
foerence of the squares of its roots equal to 5. [Ans: 16x? —40x +9 = 0]

@ 1. Each of the following expressions has a maximum or minimum value for all real values
Find (i) which it is, maximum or minimum, (ii) its value, (iii) the value of x

Ufa) x? + 4x — 3 [Ans: (i) min (i) -7 (ii) -2 ]

%{b) 2¢*+3x+1  [Ans: (i) min (ii) —3 (i) =2 |

%c) x2—6x+1 [Ans: (i) min (ii) -8 (ii) 3 ]

md)3 — 2x — x? [Ans: (i) max (i) 4 (i) -1 ]

ae) 5+ 2x — x? [Ans: () max (i) 6 (i) 1 ]
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MATRICES
A mfatrix is a rectangular array of numbers called elements or entries. Information can

com¥eniently be presented as an array of rows and columns.

MM WD

Order of a matrix

THe order of a matrix gives the format of how a matrix should be written. It is always in the form
m -gn where m is the number of rows and n is the number of columns in the matrix. For example
(DS A2 x 2matrix

In @is matrix the number of rows is 2 and the columns are also 2 i.e.

S 1 a b
(52 G2
(iifp A3 X 3 matrix
In @is matrix the number of rows is 3 and the columns are also 3 i.e.

331 0 a b c
1n9 2 g h i

Ndi'é: Other matrices of different order are possibleie. 1x2,2x 1,1x3,3%x1,2X 3,3 X 2,e.t.c.

=y
D

s Operations on matrices

Addition and Subtraction

Twe or more matrices can be added if they have the same order i.e. the number of rows and
colginns in the first matrix must be equal to the number of rows and columns in the second
mag*ix.

Examples

3 b

2 0+ D=2 4D

%(32 D (o =G0 212=0G 3
2G5 DG o =Gl Do 2 )=6 4 )
> - b—

o -G »=(" b

py) 1 — _ -

5?:(32 é) (1 23):(3—2—(} 10—23):(—42 —42)
a -1 6-0 3—-1 6 4
RN EREIRCE
"j" 0 1-3 0-0 -2 0

% Multiplication of matrices
Scglar multiplication

T‘hls is the type of multiplication where we multiply a given matrix with a constant which is
tak'_e:a as a scalar.
Ex les

1.3Expand a (2 ;)

s|elale
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olgtion
b b
(8 D)3 - )
Zé Given matrix A = (i _02) and B = (_02 g)
Fin% (i) 2A (i) 4B - A (iii) 3(A+B)
S ion

0
@ 2A ZZG —02) = @ i i szx_oz) = (g —04)
5

=
(? 4B = 4(_02 g) = (44x><_02 i; g) - (—08 g)

@) —
w3a=5 2)-G 5= )

A+B=(i _02)+(_02 2= o)

B):3(—31 Z):(—93 198)

. General multiplication of matrices
Wegan multiply two or more matrices if and only if the number of columns in the first matrix are

eq@&l to the number of rows in the second matrix.

Examples
Exénd

o (26w

~

w
|sqe/\/\%q@!s!/\

Solition

(a(i)'b)(e f)_(axe+b><g axf+b><h>

cgd’/ \g h) " \cxe+dxg cXf+dXxh

HetlCe when we are expanding, we multiply row by column

d3d4v

w

DG V=Gl 2t =0k 25076 )

es
6_\

IFonpa Jay10 pu
N

2
Y696 9-@ai By

(5410 8+25)= (6 33)

6+10 8+25

& waepy (- 2) ()

Solation
(g g _9 1) (_42 (3)) - (58><x—_22++—9 1X><44 58><x33++—9 1X><00)
~—
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10+ -4 15+0/ " \-14 15/

Given the matrices below;

MW 01} papeo|L

S fa b fx
A B=

: (c d)’ )

c

o Their matrix product is;

@)

S fa b\[{z\ _[ar+by
AS- (c d) (y) - <ﬂ+dy

o

% yet BAis not defined.
(vg. Given the matrices below;
Az (12) g_(ab

=\34) PT\c d

D

% Their matrix products are:

3

(1 N\fa B\ {lxa+2xc 1xb+2xdy fa+2 b+2d
“\8 4/\c d)_ 3xat+dxc 3xb+dxd)  \Ba+dc 3b+4d
@)

RE_ (8 BY(1 2)_ (ax1+bx3 ax2+bx4) _ fa+3b 2a+4
{g_ c d)\3 4] \ex1+dx3 cx2—|—dle/_ c+3d 2c+4d)”
Nof®: In general, when multiplying matrices, the commutative law doesn't hold, i.e. AB+ BA as

se@in the above example.
)]
— The determinant of a matrix

Cogider amatrix A = ((cl by

b
)} 3H

d)' the determinant is denoted by det A where det A = ad — bc. The

. . . . . .
matnix which has a determinant of zero is called a singular matrix
Examples

4 1N .
L IfM= ), Find det M
3 (3 —1/

Sol@tion
Sol@tion
DDetM=(4x —1) = (1x3)=—4—-3 =7

g ira=(] 3)fnddeta
c

so@tion

DeFA=(1x0)—(3x1)=0-3=-3
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. 1 3 302\ o )
.GwenthatA:(1 O),Bz(1 1),F1nd(1)det(3A+B) (ii) det (2A - B)

el
=2
c
.
o
=

M WO} Papeo|L

mena 946 9= D+6 -6 )

De(3A+B) =(6x1)—(11x4) = 6— 44 =38
S _
@ ea-m=20; -G D= -G =G 1)

o

S 4 6 1 —4

% Given that 4 = (1 1) and B = ( 5 1 ) Show that A + B is a singular matrix.
® solution

(@]

o (4 6 -1 -4\ _¢3 2
3A+B_(1 1)+(2 1)_(3 2)
gDet(A+B):3><2—2><3:6—6:0
ﬁi-qcedet(A-l-B)=0,A+Bisasingularmatrix
>0

D
Formation of a matrix
WIH®n forming matrices, we consider the number of rows as well as the number of columns
required for a certain matrix.

Ex les

65 A 3 X 1 matrix

&

(“E A 2 X 2 matrix
(4(/)2)
078

@i) A 4 X 3 matrix
-

fn
)

E

S Inverse of a matrix
o
Thestnverse of a matrix A is given by oz < the adjoint matrix. The inverse of a matrix A is

7
2
8
1

O = O

D
demdtedby A~ To get the adjoint, we interchange the entries of the major diagonal and
mL&ply the entries of the minor diagonal by -1 i.e.

S a b . (d —b
If A= (4 2), adjonta=(“ ")
DetA =ad — bc
Al = 2 x Adjoint A

detA
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A= (47D

Not: The inverse of a singular matrix does not exist because we end up with a division by zero
whih is undefined.

s
E les
If fg= ((3) i),B:(_ll g) find (i) A~ (i) B~ (iii) (A + B)™"
Setution

(D DetA=(3x1)—(1x0)=3

Adigint A = ((1) _31)

. -1 _1/1 -1
8 Al_i(o 3)
(B DetB=(-1x3)-(2x1)=-3-2=-5

Adjoint B = (_31 :i)

B~ :%5(31 :i)

g aen-( D DG )
DeflA+B)=(2x4) ~(3x1) =8-3=5

4 -3
-1 2)

u

]

()
Adjaint (A + B) =(
- 1 _
(Ag Bl = g(_41 23)

=
® Note: AA™! = [ where lis an identity matrix where an identity matrix which has the entries
in @e major diagonal equal to one and the entries in the minor diagonal all equal to zero e.g.

(1(/)0), is 2 X 2 identity matrix.

0—1
0
% Solving simultaneous equations using matrices

On%)fthe most important applications of matrices is to find the solution of linear simultaneous
equations. It is a requirement to first re-arrange the given simultaneous equations into matrix

for%’nat.
o

Example 1
~—+

Congider the simultaneous equations
= x+2y=4

@ 3x—5y=1
Previded you understand how matrices are multiplied together you will realise that these can
be \yritten in matrix form as;

5 (200

WrBing
Q

s|ela)
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4 =(§ _25) X =(;) and B = (‘1‘)
o Wehave AX=B

Thgis the matrix form of the simultaneous equations. Here the unknown is the matrix X,

sinee A and B are already known. A is called the matrix of coefficients.

Nog given AX = B, we can multiply both sides by the inverse of 4, provided this exists, to give;
= AT'AX = A7'B

Bu'gAA_1 = [, the identity matrix. Furthermore, IX = X, because multiplying any matrix by

an @entity matrix of the appropriate size leaves the matrix unaltered. So X = A™!B
O ThusifAX=BthenX = A™!B

Thg result gives us a method for solving simultaneous equations. All we need do is write them

in mratrix form, calculate the inverse of the matrix of coefficients, and finally perform a matrix

muHtiplication.

Solytion to the above guestion
o (1 2N\ _ 4
3 (3 —5) (y) - (1)

Weky . 12
gAteed to calculate the inverse of A = (3 _5)
=

Dgr.A=(1><—5)—(2><3):—11

(0] _ _
% AT = _ﬁ(_g 12)
6 x=a'8=-2(22 )
D _ _ _
5] =5 —53Xx44++ 12xx11) = _11_1(—??) - (i)
g (;):(i):xzhmdy:l
)
Exafhple 2:

Usfijg matrices, calculate the values of xand y for the following simultaneous equations:
— 2x-2y-3=0
U 8y=7x+2
> Solution:
Stepr1: Write the equations in the form ax + by =c¢
T 2x-2y-3=0=2x-2y=3
W8y=7x+2=7x-8y=-2

e

>
Step 2: Write the equations in matrix form.

coefficients of first ecuation 2 =2\ =x 3 constant of first equation
coefficients of second equation 7 -8l\y B -2 constant of second equation

St68_3: Find the inverse of the 2 X 2 matrix.
Deferminant=(2 X -8)-(-2x7)=-2

1{-8 2 4 -1
Inverse= —— =
ol=-7 2 35 -1

Steg 4: Multiply both sides of the matrix equations with the inverse

oled JET)
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Exaple 3
Sol#e the simultaneous equations below using the matrix method
x+2y =4
x+y=3
olution

juoo §U'N\N\N\ w

T”

LetA:(i i),B: (x) andC:(4)

£
>
ws]
Il
o
3
o]
Il

B=A"1C
DetA=(1x1)—(2x1) =-1
_ 1 =2 -1 2
Al:—il(—l 1)2(1 _1)
But fromB=A4"1C
x _ r—1 2 4
Scy)_(—%x4_+1)2(>§)3 —4+6y_ 2
(y)=(1><4+—1><3)=(4+—3)=(1)

Frem equality of matrices x =2andy =1

W 0} 91ISCaM 3} ISR WO0I'd

Example 4

Solgge the simultaneous equations using the matrix method
2x+y=3
4x — 2y =10

on , . ;
(4 —12) (y) - (10)
LetA= (i _12)

DetA=(2x—2) —(1x4) =8

A = —— X Adjoint A
=57 )
X — _
(y) = _é(_i 21) (130)

_ _%(—_24Xx33++—21x><1t0) __1 (—16) _ (_21)

x=2 andy= -1

5
vd

1ednpa 1aylo pue sy3dvd
< =

= Trial questions
1. Llve the following sets of simultaneous equations using the inverse matrix method.

a) 2 5x+y=13
g 3x+2y=5

s|ela)
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b) 3x+2y= -2

x+4y=6
) @Ax+2y=6
33x+5y=5
d) S7x + 4 =5y

54—2x+y:O

ns: a) x=3,

3

y=-2, b)x=-2,y=2 ¢)x=10/7,y=1/7 d)x=8,y=12 ]

2. gven the matrices 4 = (1 0) and B = ( 6 :?1)), find;

4 5 -2

@ @atrix C which is equal to 2A - 3B

(ilEAB

(iii@Show that Det (AB) = (Det A) (Det B) [Ans: () (%0 3) (i )(14 )

O
3.Gven that A=

<[Ans: (i) (g

IS

5. Tiven that (
>

@, ,
élven the matrix m = (

14 9 -19

(i _02) and B= (é g) determine (i) A+ B (i) (AB)?

)(“)( 45 —3;)0)]

_—1a _32) (;3) = (_x?’) Find the values of aand x [Ans: a = 1,x = 1]
3a a-—

6 a+ 2) find the values of a for which the matrix m is singular

D
[ARF: a=-5.61,1.61]

7. C(Tlr'en that A
—h

o

- (1 2);3:(_21 _21),ﬁndAB—BA ans: (75 9)1

-2 1 0 4

8. A_Bimd B are two matrices such that A = (1 ) and B= ( 1 2) Find (i) matrix P =AB (ii) P~*

2 11
A’?TB v (7 41

4 11 1

Ja —3(% )

9. G)J?en the matrices P = (2 _2) ,Q = (3 _21) and R = (_51 _4); determine

0 1 4 2

2

(1)-]83 Q + R (ii) the determinant (P.Q + R) [Ans: (i) (3 1) (i) — 3]

9.lﬁ1d the inverse of A = (4 _31) [Ans: 1_14( 3 1)]

2 -2 4

10;’hiven that A = (; 3), show that A2 — 44 = I where lis a 2 X 2 identity matrix.

=]
11Fo%iven that matrix A = (; ;), find the values of the scalar A for which A — Al where lisa2 x 2

~—+
ideg‘tity matrix. [Ans:A = 1 or 4]
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DESCRIPTIVE STATISTICS
This is the branch of mathematics dealing with collection, interpretation, presentation and
anatysis of data where data refers to the facts in the day-to-day life.
Stagstical data can be categorized into two .i.e. Qualitative and Quantitative.

UEo1) papeo|L

Qualitative data measures attributes such as sex, colour, and so on while Quantitative data

UL MM

canbe represented by numerical quantity. Quantitative data is of two forms. i.e. Continuous or
disgrete.

O  Discrete data is the information collected by counting and usually takes on integral values
e.gglumber of students in a class, school etc.

g Continuous data can take on any value i.e. weight, height, mass, etc.

Th@quantity which is counted or measured is called the variable.

(@)
@)

3 Crude/raw/ungrouped data
Thgse are individual values of a variable in no particular order of magnitude, written down as they
occtrred or were measured.

=

g Grouped /classified data
Thepe are individual values of a variable that have been arranged in order and grouped in small
nu%ber of classes.

9}

3 Population and samples

A population is a total set of [tems under consideration and its defined by some characteristics of
thege items.

A saimple is a finite subset of a population.

PRESENTATION OF DATA
Therways of presenting data include:

» Bargraphs

» Histogram

» Frequency Polygon
» The Ogive

» Piechart

Vd 820

BAR GRAPH
A bar graph or bar chart is a graph where the class frequencies are plotted against class

onpa Jé,lﬂo pue s4y3dvd L

HISTOGRAM
A histogram is a graph where the class frequencies are plotted versus class boundaries.

ExamQJ plel
Thgtimes taken by rats to pass through a maze are recorded in the table below. Use the data given

to got a bar graph and histogram.
Q
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mNote: The mode can be estimate

o))
SThe reader should also note that

o .
no spaces for a histogram.

":;Example 2
® The table below shows the po

p

20 and under 30
30 and under 40
40 and under 50
50 and under 60

S|elialew uoneInpa

Age group
Below 10 2
10 and under 20 | 8

10

d from the histogram as shown above.

these are spaces between the bars for a bar graph while there are

pulation of Kampala in millions for different age groups

opulation in millions
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Draw@istogram to represent the above data

Soluti'g
L lass

o
=}
T
=
o
| o <
B[N O e~ = N
o O O O o
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== e i T )
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In thisilse,

]
ot

CLA<( BUNBARIES

The clags boundaries are given i.e. 0-<10

educati



FREQUENCY POLYGON
The frequency pelygon is obtained by plotting class frequencies versus class marks. Then
the nsecutive points are joined using a straight line.

M WOy

CIa’sgmark/ mid interval value (x) = i (Lower class limit + upper class limit)

ie.far the class 10-14, class mark(x) =(10+14)=12

Thegass mark is also known as the mid mark

Exaffiple 3
TheZge distribution of a group of people is given in the table below.
Age(Pear) | 10-19 20-29 30-39 40-49 50-59 | 60-69 | 70-79
FreqRency 1 3 5 8 12 10 6
Coniuct a frequency polygon for the data above
lutfon
[ Gass Limits Class mark Frequency
$:19 145 1
20-29 245 3
36-39 34.5 5
40-49 44.5 8
58-59 54.5 12
6D-69 64.5 10
979 74.5 6
I
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MEASURES OF CENTRAL TENDENCY
Thesmeasures of central tendency include the mean, mode and median. They are called so because
thg are centered about the same value.

2 MEAN
Th& is the sum of the data values divided by the number of values in the data.itis denoted byX.

3Mean X = -2— where ¥ means summation

Thginean can also be calculated from ;

7 _ufx
%) X =%
gii) X=4+ Zz—f;i Where A is the assumed/working mean and d = X—A where d is the
8 deviation.
Examples
4. The measured weight for a child over eight year period gave the following results (in kgs);
W, 32,33,35,38,43, 53, 63, 65. Calculate the mean weight of the child.
- _ 32433+35+38+43453+63+63+65
(.l Mean=
> 8
@ = 45.25kg
%. The information below gives the age in years of 49 students. Determine the mean age.
g Age 14 15 16 17 18 21
— | Frequency | 2 6 14 10 9 8
D
-
© Solution
3 | Age(x) Frequency(f) fx
o |14 2 28
o |15 6 90
Tl 16 14 224
>\ 17 10 170
@118 9 162
-l 21 8 168
> f=49 fx =842
> ) >
o o _ Nfx 842
g X = ST 17.184years
5
3. © The data below shows the weights in kg of an S.5 class in a certain school.
O [Weight(kg) | 10-14 | 15-19 |20-24 | 25-29 |[30-34 |35-39 |40-44 |45-49
g Frequency |5 9 12 18 25 15 10 6

Ca&llate the mean weight of the class

i

s|elalew uole
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o

8 Class Class mark(x) | Frequency(f) | fx

= | 10-14 12 5 60

O | 15-19 17 9 153
3 | 20-24 22 12 264
S | 25-29 27 18 486
< |30-34 32 25 800
2 | 3539 37 15 555
3 | 40-44 42 10 420
< | 45-49 47 6 282
(@]

o

> Mean from assumed mean

Théﬁeight to the nearest class of 30 pupils is shown in the table below. Using 152cm as the

ass((lzmed mean, calculate the mean height.

v xfd

ean, X = A+=

xr

o Height, x(cm) | 148 | 149 |150 |151 |152 |153 |154 |155 | 156
3 No. of Pupils | 1 2 2 3 6 7 4 3 2
<
).
Solittion
Assimed mean =152
@ | Height(x) Frequency(f) Deviation(d=x-A) fd
% 148 1 -4 -4
& | 149 2 -3 -6
.| 150 2 -2 -4
T | 141 3 -1 -3
8- 152 6 0 0
= | 153 7 1 7
3 | 154 4 2 8
2 155 3 3 9
D | 156 2 4 8
U f=30 fd=15
T ) )
0]
j/[
o
>
0

X =152+ g =152+ 0.5 = 152.5cm

4T The number of accidents that took place at black spot on a certain road in 2008 were
regorded as follows:

10 pue

No. of accidents 0-4 5-7 8-10 11-13 | 14-18
No. of days 2 5 10 8 5
UsiBg 9 as the working mean, calculate the mean no. of accidents per day.
%lution
Class Mid value(x) Freq(f) Deviation(d) fd
0-4 2 2 -7 -14
5-7 6 5 -3 -15
8-10 9 10 0 0
11-13 12 8 3 24
14-18 16 5 7 35
>f=30 >fd=30

S|elalew uoleInpa
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Mean, X = A+ S 7

¥=9+2=10
30

MM WO} Papeo|L

MEDIAN

Th_é median of a group of numbers is the number in the middle when the numbers are in order of
maghnitude.

Detg-rmine the median for the following observations
() o 4162678

So@gion

1,2%,6,6,7,8

Thigymedian is 6

@)

(i) 3 3,33,7,76,7,8

Solgtion

3, 323 4,4,6,6,7,7

Thgnedianz % =5

Theformula below is used to obtain the median for grouped data.

m

Median=L; + zf xC

=
) D1sqe

= lower class boundary of the median class
N = Total number of observations

= Cumulative frequency before median class

= Frequency of the median class

C= Class width

16W

SY

Clasd width is the difference between the lower and upper class boundaries ie for the class 40 -

44, the class width is 44.5 - 39.5=5
Notgthat it depends on the degree of accuracy ie for the class 7.0 - 7.4, the class width will be

7.4%L 6.95=0.5
n Advantages of the median
It i%easy to understand and calculate

It iSnot affected by extreme values
= Disadvantage

~—+
It ig)nly one or two values to decide the median
-

8 THE MODE

Th%is the number in a set of numbers that occurs the most i.e. the modal value of 5, 6,3,4,5 2,5
an%B is 5 because there are more 5s than any other number.
FoPgrouped data, the mode is calculated from;

3Mode=L1+( = )xC
Q

Aj+A,

s|ela)
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Wigre;

Li=rlower class boundary of the modal class

A, Sdifference between the modal frequency and the value before it
A,=difference between the modal frequency and the value after it

c Eclass width

Th&modal class is identified as the class with the highest frequency and the mode can as well be

est-glated from the histogram as we have already seen.

Example
Thgfollowing were the heights of people in a certain town of Uganda.
Height(cm) | 101-120 | 121-130 | 131-140 | 141-150 | 151-160 | 161-170 | 171-190
Nofp’ple | 1 3 5 7 4 2 1

]
Ca&late the mean, mode, and median for the data.
SolUtion
ClaSs Frequency(f) | Class mark(x) | fx cf Class boundaries
105120 |1 110.5 1105 1 [100.5-120.5
123+130 |3 125.5 376.5 4 120.5-130.5
13g140 5 135.5 677.5 9 130.5-140.5
14%150 7 145.5 1018.5 16 140.5-150.5
156160 4 155.5 622 20 150.5-160.5
168170 |2 165.5 331 22 |160.5-170.5
1715190 1 180.5 180.5 23 170.5-190.5
A 23 3316.5

= Mean, X = % = 3321:'5 = 144cm

3 Median class is 141 - 150

2 E_pb E_g

@ Median=L, + | 2 X C=140.5+(2 ) %x 10

) fm 7

5 = 140.5+3.57 = 144.1cm

— Mode =L, + (=) xC

o Ay+A,

> Modal class is 141 - 150

r-Pl AM=7-5=2 andA=7-4=3

2

D Mode = 140.5+ (=) X 10 = 1405 + 4 = 144.5cm
Example
Usl_—jg_g the data for example 3 (pg. 107), Calculate the mode and median.

g Class Freq(f) cf Class boundaries

=~ 10-14 5 5 9.5-14.5

@ 15-19 9 14 14.5-19.5

8 20-24 12 26 19.5-24.5

C'25-29 18 44 24.5-29 5

d 30-34 25 69 29.5-34.5

£ 35-39 15 84 34.5:39.5

g 40-44 10 94 39.5-44.5

— 45-49 6 100 44.5-49 5

s|elale
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N
. ——Fp
Median=L; + (zf ) xC

Median class is 30 - 34

100

2

Median=29.5 + < 4> X 5= 29,5 + 1.2 = 30.7kg

25

MMM WOl papeo|l

— Mode =L, + (A1A+1A2) X C

C Modal class is 30 - 34, 4,=25-18 =7 and A;=25-15=10

w

Mode = 20.5+(-=) x 5 = 29.5 + 2.06 = 31.56kg
=]

aul|

7+10

THE OGIVE

TheyOgive is also known as the cumulative frequency curve where by cumulative frequency curve
is plotted against the upper class boundaries and the consecutive points are joined into a smooth
curye using free hand.

Exagiple

Thefrequency distribution table shows the weights of 100 children measured to the nearest kg.
Welght 10-14 |15-19 | 20-24 | 25-29 [30-34 |35-39 | 40-44 | 45-39
Ng. of Children | 5 9 12 18 25 15 10 6

Dr@v a cumulative frequency curve for the data.

Class Freq(f) cf Class boundary

10-14 5 5 9.5-14.5

1599 9 14 14.5-19.5

2034 12 26 19.5-24.5

25@9 18 44 24.5-29.5

3034 25 69 29.5-34.5

3590 15 84 34.5-39.5

40204 10 94 39.5-44.5

459 6 100 44.5-49.5

L
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@ Estimating the median and quartiles using the Ogive.

0
Thasmarks obtained by 40 pupils in a mathematics examination were as follows:

n
Marks 20-29  [30-39 [40-49 [50-59 [60-69 [70-79
NgZof pupils | 2 4 8 15 9 2

Plo%i cumulative frequency curve and use it to estimate the median mark, upper quartile, lower
qu%ﬁle and the inter quartile range

Soléémtion

>
Sass Freq(f) Cf Upper class boundaries
%-29 2 2 29.5
-39 4 6 39.5
-49 8 14 49.5
&-59 15 29 59.5
60-69 9 38 69.5
-79 2 40 79.5
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Upper class boundaries

th
Media%(& N) =20" measure
Draw £ fiptted line across the graph from Cf = 20 to meet the curve and drop a vertical dotted line
to meetthe horizontal axis. This gives the estimated median
Hence Tk median= 54 marks.

0 Quartiles
The q iles divide a distribution into four equal parts.
THg lower quartile (Q1) is the value 25% way through the distribution and the value 75% way

throu%the distribution is called the upper quartile (Q3).

S ; ()" -
a Lower quartile (Q1) = (4 N) measure = 45.5

) N
2 Upper quartile, (Q3) = (; N) measure =60
The difrence between the upper quartile and lower quartile is called the Interquartile range.The
lnterqi&rtile range = Q3 - Q1 = 60-45.5 =145
(D The semi interquartile range or quartile deviation:% (Q:— Q1) =725

I7eonp
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— Percentiles

ThePercentiles divide a distribution into one hundred equal parts.

Thedower quartile, Q1 is the 25t percentile P25, the median is the 50t percentile P50 and the
upjE@r quartile Qs is the 75t% percentile P75.

Example

Thé&data shows the marks obtained by 80 form IV pupils in a school. Draw a cumulative frequency
ancﬁlse your graph to find the 20th and 80t percentile mark.

Magk | 1-10 | 11-20 | 21-30 | 31-40 | 41-50 | 51-60 | 61-70 | 71-80 (81-90 | 91-100

Freg |3 5 5 9 11 15 14 8 6 4
=1
Solntion

8 Marks Freq C.f Upper class boundaries

3 1-10 3 3 10.5

< 11-20 5 8 20.5

o 21-30 5 13 30.5

= | 31-40 9 22 40.5

= 41-50 11 33 50.5

o |51-60 15 48 60.5

s 61-70 14 62 70.5

® | 71-80 8 70 80.5

S | 81-90 6 76 90.5

= | 91-100 4 80 100.5
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. 20 th
20th percentile mark:(— X 80) mark = 32.5
100

. 80 th
80th percentile mark= (— X 80) mark =71.5
100

MMM WOJ) papeojL

: Measures of dispersion
Thaspread of observations in relation to a measure of central tendency of the given data is known

as gspersion. In order to compare data, the measure of dispersion is taken into account along
wii® the measure of central tendency.
S

aul|

The range
Thisis the difference between the largest and the smallest values of the data.

i.e.for the data about lengths of leaves in garden tree, 5,6,7,7,4,5,3,2,9,8,8,6,5,3
Range =9-2 =7

NSIA UgO

- Standard deviation:
Thgls the positive square root of variance. It is denoted by o
< Standard deviation () = VVariance
‘gle following expressions can be used to calculate the standard deviation;

o= &

WIgn using the assumed mean A,

o- -

No%: the expression under the rootis the variance

NS

ow |

E les
1¢n) Calculate the standard deviation for the distribution of marks in the table below.

Marks 5
Frequency 3 8 9 6 4

o)}
~
[e¢}
O

Sol#ftion

Marks(x) | Frequency(f) |fx fx?

5 3 15 75

6 8 48 288
7 9 63 441
8 6 48 384
9 4 36 324
¥ 30 210 1512

- [E-&

2
o= |22 (2“’) = V504 — 49 = V14 = 1.183 marks

30 30

S|elialew uollednps 1aylo pue gaﬂd‘v’d 1
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ﬁ The table below shows the weights to the nearest kg of 150 patients who visited a certain

=+ health unit during a certain week.
@)
3

Weight(kg) 10-19 | 20-29 |30-39 [40-49 | 50-59 60-69 | 70-79
No. of patients | 30 16 24 32 28 12 8

MA

Cagulate the standard deviation of the weights of the patients.

Class Freq(f) X fx fx2

10-19 30 14.5 435 6307.5

20-29 16 24.5 392 9604

30-39 24 34.5 828 28566

40-49 32 445 1424 63368

50-59 28 54.5 1526 83167

60-69 12 64.5 774 49923

70-79 8 74.5 596 44402

Yf= 150 fo 5975 [ »fx?2=285337.5
xfx? fo

tandard deviation, o = o Ef

285337.5 (5975)
150 150

=v315.56 = 17.76

} 911SUaM a41 1ISIA W02 3auljuooln

3 The table below gives the points scored by a team in various events. Find the mean and
= standard deviation using working mean A=4

®oints 0 1 2 3 4
®Wo. of events | 1 3 4 7 5 5 2 3

o

v
o)
~

Sohtion

—Hoints Frequency |d=x-A fd a2

0 1 -4 4 16

ﬁ 3 3 9 27
4 2 -8 16

3 7 -1 -7 -

! 5 0 0 0

& 5 1 5 5

3 2 2 4 8
3 3 9 27
30 -10 100

Mean, ¥ = A +2L4 - 44+ 2903 67points

o Tf 30

o

q Trd? _ (Era\?

gtandard deviation, o = < (—)

106 10

Z
30 _) V3.533°=70.111 = 1.85points

S|enalew uol



The table below shows the weight in kg of 100 boys in a certain school

) Popeo|L

= Weight(kg) | 60-62 63-65 66-68 69-71 72-74
©| Frequency |8 10 45 30 7

Usiﬁg the assumed mean of 67, calculate the mean and standard deviation

Solntion
< | Weight Freq(f) Mid value (x) | D fd fd2
'3 60-62 8 61 -6 -48 288
c | 63-65 10 64 -3 -30 90
o| 66-68 45 67 0 0 0
g 69-71 30 70 3 3 270
=|72-74 7 73 6 6 252
g >f=100 >fd=54 | >:fd2=900
o
@)
3 Mean, X =4 +2L2 = 67 + 22 = 67.54kg
< Y 100
7} - p
. Standard deviation,o = YL (Zﬂ)
= r \yr
D
= 900 _ (54 _
@ ~ N 100 (100) = 2.951
o
@,
®
o Trial questions
'lg-ne table below shows the weekly wages of a number of workers at a small factory.
@)
Weekly 75-84 | 85-94 | 95- 105- 115- 125- 135- 145-
-wages 104 114 124 134 144 154
JFrequency | 2 3 7 11 10 8 4 1
U)

_|
‘plculate the modal, median and the mean wage.
2. Below are heights, measured to the nearest cm of 50 pupils

5
% 157 167 165 162 160 157 160 152 157 162
g 157 165 152 162 155 160 157 160 162 160
g' 157 152 167 157 160 160 162 165 157 160
% 157 157 157 160 157 162 155 157 160 157
8 150 162 152 160 157 157 165 160 162 150
é Make a frequency distribution table by dividing them into class intervals of 5 starting

witltthe class 148-152
b) graw a cumulative frequency curve and use it to estimate
) The median (ii) Interquartile range

s|elale



3. The table below shows marks obtained by students of mathematics in a certain school.

Marks 30-<40 40-<50 | 50-<60 | 60-<70 70-<80
No. of students | 2 15 10 11 27

(D Calculate the mean, median and standard deviation for the above data
(i)  Draw an Ogive for the above data

4. Below are heights, measured to the nearest cm of 50 pupils.
157167 165 162 160 157 160 152 157 162
157165 152 162 155 160 157 160 162 160
157152 167 157 160 160 162 165 157 160
157157 157 160 157 162 155 157 160 157
150162 152 160 157 157 165 160 162 150

a) Make a frequency distribution table by dividing them into class intervals of 5 starting
with the class 148-152

b) Draw a cumulative frequency curve and use it to estimate
() The median (ii) Interquartile range

5. The table below shows marks obtained by students of mathematics in a certain school

Marks 30-<40 40-<50 50-<60 | 60-<70 | 70-<80
No. of students | 2 15 10 11 27

() Calculate the mean, median and standard deviation for the above data
(i)  Draw an Ogive for the above data

oW J10J 81ISgaM ay] JSIA WO 3UIUOOINW MMM WO} PapPeo|L

6.0 Sixty pupils were asked to draw a free hand line of length 20cm. The lengths of the lines
wdPe measured to nearest cm, and were recorded as shown in the table.

A.ength(cm) | 11-13 13-15 15-17 | 17-19 | 19-21 | 21-23 23-25
Frequency |3 6 11 15 13 10 2

LN/

a)% Calculate the mean length
bYT Draw a cumulative frequency graph and estimate the median, the upper and the lower
quartiles.
%
7.0 Below are the heights to the nearest cm of 40 students
Q 150 170 152 155 169 167 157 158 157
3167 164 165 164 163 162 163 158 158
= 160 160 159 161 161 161 160 160 160
8159 162 160 159 160 161 161 156 150
c
a)§ Make a frequency distribution table starting with class interval 150-152
bYo  Draw an Ogive and use it to estimate the median, Interquartile range and the 20t
pe:rjcentile height.
8. Calculate the mean and the standard deviation of the following distribution of scores

s|enalew



Scores 1-5 |6-10 | 11-15 16-20 21-25 26-30 31-35
Frequency | 3 19 38 69 45 21 5

W04} papeo|L

9.= The numbers of the eggs collected from a poultry farm for 40 consecutive days were as

fo%ws.

. 138 145 145 157 150 142 154 140

g 146 135 128 149 164 147 152 138

o 168 142 135 125 158 135 148 176

g 146 150 165 144 126 153 136 163

= 161 156 144 132 176 140 147 130

o

a)g Construct a frequency distribution table with classes of equal interval width 5, starting
fram 125-129.

b)< Draw a cumulative frequency curve (Ogive) and use it to estimate the
(i)@edian

(iiﬁnterquartile range

(1@ Median number of eggs

18z The following marks were obtained by 85 students in an English examination;
96 81 23 62 44 18 62 70 72 40 81 70 30 28 23 02

60 20 48 50 19 33 32 58 71 62 19 12 83 53 81 73

52 25 71 61 46 64 35 59 82 82 42 63 43 17 35 72

37 54 47 76 18 44 65 45 70 38 63 89 31 37 93 03

63 25 52 53 38 57 53 71 70 63 8931 37 93 58 58

a) Using class intervals of 10 marks, and starting with a class of 0-9, construct a frequency
distribution table.

b) Using your table to find the (i) Median mark
(ii)  Mean mark
(iii)  Standard deviation

11. The marks obtained by 50 students in a test were:
76 17 57 63 1296 38 46 82 48
619344 197060711840 54
50276242 635253386225
62233281316364187027
52813563383744197032

a) Constructa grouped frequency distribution table with equal class intervals of 10
marks, starting with the 10 - 19 class group.

b) Draw a histogram and use it to estimate the modal mark.

¢) Calculate the mean and standard deviation of the mark.

S|ela1ew uoieINPa Jaylo pue syYIdvd 1SVd 240w 10j 311Sqa



12. The times taken by a group of students to solve a mathematical problem are given

below.
Time(min) 5-9 |10-14 | 15-19 | 20-24 | 25-29 | 30-34
No. of students | 5 14 30 17 11 3

a) Draw a histogram for the data. Use it to estimate the modal time for solving a problem.
b) Calculate the mean time and standard deviation of solving a problem.

13. The table below shows the weights (in kg) of 150 patients who visited a certain health
unit during a certain week.

Weight (kg) 0-19 [20-29 [ 30-39 | 40-49 50-59 | 60-69 | 70-79

No. of patients 30 16 24 32 28 12 8

a) Calculate the appropriate mean and modal weights of the patients.

b) Plotan Ogive for the above data. Use the Ogive to estimate the median and semi
interquartile for the weights of patients.

14. In agricultural experiment, the gains in mass (in kg) of 100 cows during a certain period

were recorded as follows;

Gain in mass (kgs) [5-9 | 10-14 | 15-19 | 20-24 [ 25-29 | 30-34

Frequency 2 29 37 16 14 2

a) Calculate the (i)mean mass gained
(ii)Standard deviation
(iii)Median
15. The information below shows the marks of 36 candidates in oral examination.
30 31 55 49 56 47
36 41 39 45 39 50
42 43 44 39 46 56
30 48 53 38 50 63
40 54 61 46 56 44
53 60 56 50 62 52

3dVd LSVd 2Jow 10} 3}ISgam ay] USIA W02 3UIjUOOINW MMM WO} Papeo|L

(& Construct a frequency distribution table having an interval of 6marks starting with the 30-
3® class group.
@ Draw a cumulative frequency curve and use it to estimate the median mark.
(19 Calculate the mean mark.
>
16. Co(']r)lstruct a frequency distribution of the following data on the length 5 of time (in minutes), it
to&( 50 persons to complete a certain application form.
29 22 38 28 34 32 23 19 21 31
16 28 19 1812 27 15 21 25 16
30 1722 29 18 29 25 20 16 11
17 12 15 24 25 21 22 17 18 15
21 20 23 18 17 15 16 26 23 22
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Using class intervals of length 5Sminutes starting with the interval 10-14. Calculate the (i) Mean

(iigtandard deviation using ; Assumed mean A= 22

17. The ages of students in an Institution were as follows.
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ige 18-<19 | 19-<20 | 20-<21 | 21-<22 | 23-<24 [ 24-<25
No. of students | 12 35 38 24 8 3
s M Draw a histogram of the data and use it to estimate the modal age.
(i)  Use the data to estimate the median, upper and lower quartile ages.
(iii)  Calculate the interquartile and semi interquartile range
18. Estimate the lower and upper quartiles for the following frequency distribution using
an Ogive.
Class 0-9 10-19 20-29 30-39 40-49
Frequency 2 14 24 12 8
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